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Abstract. Moduli spaces of semi-stable real and quaternionic vector bundles 
of a fixed topological type admit a presentation as Lagrangian quotients, and 
can be embedded into the symplectic quotient corresponding to the moduli 
variety of semi-stable holomorphic vector bundles of fixed rank and degree 
on a smooth complex projective curve. From the algebraic point of view, 
these Lagrangian quotients are connected sets of real points inside a complex 
moduli variety endowed with a real structure; when the rank and the degree 
are coprime, they are in fact the connected components of the fixed-point set 
of the real structure. This presentation as a quotient enables us to generalize 
the methods of Atiyah and Bott to a setting with involutions, and compute 
the mod 2 Poincare polynomials of these moduli spaces in the coprime case. 
We also compute the mod 2 Poincare series of moduli stacks of all real and 
quaternionic vector bundles of a fixed topological type. As an application of 
our computations, we give new examples of maximal real algebraic varieties. 
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1. Introduction 

1.1. Klein surfaces. A Klein surface M /a is the quotient of a Riemann surface 
M by an anti-holomorphic involution a ( [AG71j ). It is sometimes better to think of 
it as the pair (M, a), to which there is associated a real algebraic curve X/M., whose 
set of closed points is \X\ = M/a (a real surface which either is non-orientable or 
has non-empty boundary, possibly both, but orientable surfaces without boundary 
are excluded). The topological classification of compact connected Klein surfaces 
was first obtained by Felix Klein (|Kle93j) : (M, a) is topologically classified by the 
triple (g,n,a), where 

• g is the genus of M, 

• n is the number of connected components of M a (the fixed-point set of a 
in M), 

• a is the index of orientability of M/a : a = if M / a is orientable and a = 1 
if M/a is non-orientable (equivalently, a = 2 — the number of connected 
components of the complement of M a in M). 

This means that there exists a homeomorphism ip : (M,a) — > (M',a') such that 
a' = (paif^ 1 if and only if (g,n,a) = (g',n',a'). We shall call (g,n,a) the topo- 
logical type of (M,a). Sometimes, we also write X(M) for M a , and X(C) for M. 
The topological type (g, n, a) of a Klein surface (M, a) satisfies 

• < n < g + 1 (Harnack's theorem) , 

• if n = 0, then a = 1, 

• if n = g + 1, then a = 0, 

• if a = 0, then n = (g + 1) mod 2, 

and for each triple (g,n,a) satisfying these conditions, there exists a Klein surface 
of topological type (g,n,a). 

1.2. Topology of moduli spaces of holomorphic vector bundles. Given a 
compact connected Klein surface X <H> (M, a) of genus g > 2, we denote Mlf a 
the moduli scheme parametrizing S'-equivalence classes of semi-stable holomorphic 
vector bundles of rank r and degree d on M = A(C), and denote a the open 
dense sub-scheme of parametrizing the isomorphism classes of stable holo- 
morphic vector bundles of rank r and degree d on M . Then CT (C) is a complex 

projective variety, and A/^ CT (C) is a nonsingular complex variety. 

If E is a fixed, smooth complex vector bundle of rank r and degree d on M, we 
denote C the set of holomorphic structures (Dolbeault operators) on E, C ss (resp. 
C s ) the set of semi-stable (resp. stable) holomorphic structures on E, and Qc the 
group of all complex linear automorphisms of E (the complex gauge group) . Then 
Qc acts on C, and the generic stabilizer is C*. The quotient stack [C/Gc] of this 
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action can be identified with the moduli stack Q3un^ CT of all holomorphic structures 
onP: 

_ _ QSun^ = [C/g c ]. 

Let 5c = Gc/'C*- Then 5c ac ts freely on C s . and there is a homeomorphism 

When r and d are coprime, we have 

• CsS ^S) 

• -A4j^ CT (C) is a smooth projective variety of complex dimension r 2 (g — 1) + 1. 
In particular, when r A d — 1, we have 

P t Sc (C ss ;Q) - P t (BC*;Q)P^(C ss ;Q) = ^-L_P t (Al^(C);Q). 

Let 

P fl (r,d) :=Pf c (C ss ;Q) 
be the rational 5c _ec Luivariant Poincare series of C ss , the set of semi-stable holomor- 
phic structures on a fixed smooth complex vector bundle of rank r and degree d on 
a Riemann surface of genus g > 2 (this series does indeed only depend on g, r and 
d, and not on the complex structure of M, see below). In [AB83] , Atiyah and Bott 
computed P g (r, d) for any g > 2, r > 1 and d G Z. In particular, when r A d = 1, 
they compute the rational Poincare polynomial of the smooth projective variety 
M r ff a {C) =M^ d a {C). The following are the main ingredients of their approach: 

1. Poincare series of the classifying space of the gauge group. C is contractible, so 

P? c (C;Q)=P t (Bg c ;Q). 

Denote Q g {r) the above series, which can also be interpreted as the rational Poincare 
series of the moduli stack 5Bun^ CT : 

Q g (r) = Pf c (C;Q) = P t ([C/0 c ];Q) = P t (Bwi^; Q). 

Then 

(1.1) Q 3 (r) = iWi±I > 

9 n^(i-t 2i )n;=i(i-* 2i ) 

In particular, it only depends on g and r. 

2. Equivariantly perfect stratification. Let C M C C denote the set of holomorphic 
structures of Harder-Narasimhan type 



(1.2) n 



on E, where 




) * * * 3 

n n 



ri times 



d]_ > <h > > dj_ 

n r 2 n 

In particular, C ss — C Mss , where 



/is 



d 



j r ' 

The set of all Harder-Narasimhan types of holomorphic structures on E is denoted 
lr t d- The complex codimension of C M in C is finite and equal to 

(1.3) d^ = r i r J ~ + (5 - 1)) • 

l<i<j<l 
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In particular, C ss is open in C. The set 

{C p : n e lr,d} 

is a 5c _ equivariantly perfect stratification of C over the field Q. In particular, 
Pf c (C;Q)= Y, t 2d »P t Gc (C^;Q) 

3. Equivariant Poincare series of positive- codimensional strata. Let \x € Ir,d\{Mss} 
be as in (Oj) . Then 

l 

ff c (^;Q)=n^(^,^)- 

i=l 

The above three ingredients give the following formula, which computes P g (r, d) 
recursively in terms of Q g (r): 

Theorem 1.1 (Atiyah-Bott recursive formula [AB83J). 

I 

P g {r,d) = Q g (r) - t^JiPgM), 

M6lr,d\{p ss } «=1 

where Q g {r) is given by and d^ is given by (|1.3|) . 

Zagier derived a closed formula that solves the Atiyah-Bott recursive formula. 
Theorem 1.2 (Zagier's closed formula [Zag96|). 

^ . ^(Eti(n+n + i)((ri+-+r ( )f>+(s-l)E 4<J nri) 

(=1 ri,...,r(eZ> 

A n£i(i+^- l ) ag 
fi (n-ri'a-^') 2 ) a-* 2r o 

where (x) = [x] + 1 — x denotes, for a real number x, the unique t 6 (0, 1] with 

x + t e z. 

1.3. Topology of moduli spaces of real and quaternionic vector bundles. 
A real vector bundle, in the sense of Atiyah ( |Ati66| ), on the Klein surface / real 
algebraic curve (M, a) is a pair (£, r) where £ — > M is a holomorphic vector bundle 
and t : £ — > £ is an anti-holomorphic map such that 

(1) the diagram 

£ — £ 



M — °— ^ M 

is commutative, 

(2) the map r is C-anti-linear fibrewise, 

(3) r 2 =Id £ . 

A quaternionic vector bundle on (M, a) is a pair (£ , r) satisfying conditions (1) 
and (2), and the modified condition (3') t 2 = — Idg. We observe that this definition 
makes sense in various categories, for instance the category of smooth Hermitian 
vector bundles with complex linear isometries as morphisms between them, in which 



FT - 1 _ i2(r i+ r i+1 ) 
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case it is also required that r be an isometry. A real or quaternionic vector bundle 
(£, t) is called semi-stable if £ satisfies the slope semi-stability condition 

^ ^-%^ = ^ 

for any non-trivial, r-invariant sub-bundle J- C £. This turns out to be equivalent 
to slope semi-stability for the holomorphic vector bundle £ (see Proposition 12. 3|) . 
We say a real or quaternionic vector bundle (£,t) is geometrically stable if £ 
is a stable holomorphic vector bundle; it is strictly stronger than being stable as a 
real (resp. quaternionic) bundle (see Definition 12.21 and Proposition I2.4p . 

Exactly as in the Atiyah-Bott approach, we fix a real (resp. quaternionic) G°° 
vector bundle (E, r) of rank r and degree d (complete numerical invariants for such 
bundles were found by Biswas, Huisman, and Hurtubise in |BHH10| . and are re- 
called in Theorem 12. ip . We consider the set CJ S (resp. CJ) of all r-compatible 
semi-stable (resp. stable) holomorphic structures on (E,t). This means that r is 
an anti-holomorphic map with respect to this holomorphic structure, turning the 
associated holomorphic bundle £ into a real (resp. quaternionic) bundle smoothly 
isomorphic to (E, r). We also denote Q%. the group of all complex linear automor- 
phisms of E that commute to r. Then acts on C T , the set of all r-compatible 
holomorphic structures on {E,t), and the generic stabilizer for this action is the 
subgroup (C*) T of scalar automorphisms of E that commute to the C-anti-linear 
map r, so (C*) r ~ R*. The quotient stack [C T /(/£.] can be identified with the 
moduli stack *Bun^^~ of all r-compatible holomorphic structures on [E, r): 

Let = Q^/M.*. Then QJ, acts freely on CJ . Let M.^'^ be the space of real 
(resp. quaternionic) .^-equivalence classes of semi-stable real (resp. quaternionic) 
vector bundles that are smoothly isomorphic to [E, r), and let N^'J be the space of 
isomorphism classes of geometrically stable real (resp. quaternionic) vector bundles 
that are smoothly isomorphic to [E, r) (the precise definitions will be given in 
Section H Definitions O and [2U). Then 

When r A d = 1, we shall see that: 

• cj s = c;, 

^ 'I is a connected component of the smooth manifold CT (K), which 
is compact and of real dimension r 2 (g — 1) + f . 

In particular, when r A d = 1, M^m'^ ~ ^m'J 1S a smooth compact connected 
manifold, and we have the following equalities: 

P^(CL |Z/2Z) = P 4 (i?R*;Z/2Z)pf S (C; s ;Z/2Z) = -l_P t (M^ T ;Z 2 ). 

In this paper we will compute the mod 2 equivariant Poincare series 

P{ln, a) {r,d) :=P t ffE (C s ;;Z/2Z) 

where r, d are not necessarily coprime (this series does indeed only depend on g, r, d, 
and the topological invariants of a and r, and not on the complex structure of M, see 
below). In particular, when r Ad = 1, we obtain the mod 2 Poincare polynomial of 
the compact connected manifold M^f^. Our strategy to compute P^ n a ) {r, d) is to 
follow the three main steps of Atiyah and Bott's computation of P g (r, d). We denote 
the set of real (resp. quaternionic) Harder-Narasimhan types of r-compatible 
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holomorphic structures on E (see Definition 15. 7[) . In particular, if /i 6 I^ d , there is, 
associated to it, a uniquely defined holomorphic Harder-Narasimhan type, which 
we also denote fj,, and which satisfies := C T D C p =/= 0. The equivariant normal 
bundle to CZ in C T is a real vector bundle in the usual sense which is not orientable 
in general (see Subsection I5.3[) . so we are forced to consider cohomology with mod 
2 coefficients. As a comment on our choice of notation, let us mention here that 
we shall define, for each choice of a real (resp. quaternionic) bundle (E, t) of rank 
r and degree d, an (affine) involution of C preserving C ss and all the other C p , 
as well as an involution of Qc, both induced by t, in such a way that CJ S , C J t , 
and are precisely the fixed-point sets of these involutions. We note that, if we 
consider vector bundles of degree on a closed non-orientable surface M/a, the 
involution considered in the present paper is different from the involution in [HL08J 
and [HLR09]. We may then summarize our results as follows. 

1. Poincare series of the classifying space of the gauge group. C T is contractible, so 
P t e; (C T ;Z/2Z) = P t (Bg£;Z/2Z). 

It turns out that, if (E, r) is a real (resp. quaternionic) smooth vector bundle of 
rank r and degree dona Klein surface of topological type (g, n, a), P t (BQ^; Z/2Z) 
depends on (g, n, a) and r, but not on d. We denote Q^ g n \(r) this Poincare series, 
which can also be interpreted as the mod 2 Poincare series of the moduli stack 

Q{ g ,n,a){r) = lf E (^;Z/2Z) = P t ([C7S@;Z/2Z) = P t («8un^ T ; Z/2Z). 

Theorem 1.3. Let (M,a) be a Klein surface of topological type (g,n,a). 

(1) Let (E, tr) be a real smooth vector bundle of rank r and degree d over 
(M,a). Then 

fl41 r w M = n; =1 g +^- i )'-" +i nad +^n^d 

(2) Let (E, re) &e a quaternionic smooth vector bundle of rank r and degree d 
over [M, a). Then 

• if{g,n,a) = (5,0,1), 



(1-5) 



m= 1 (i+^'- 1 ) 9+1 



T7ws coincides with Q^(g,0, 1). 
• «/ (g,n,a) satisfies n > 0, in which case the rank of a quaternionic 
vector bundle is necessarily even, 

(is) q tb (r) n; =1 (i+^- 1 )'n^ 1 (i+^- 1 ) 

Equivariantly perfect stratification. 

Theorem 1.4. Owe /ias: 

(1) The real codimension of in C T is finite and equal to d^, the complex 
codimension of C M in C. In particular, Cg S is open in C T . 

(2) The set 

{c; : li G l r T J 
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is a Q^-equivariantly perfect stratification of C T over the field Z/2Z. In 
particular, 

(1.7) Pf c {C T ; Z/2Z) = ^ i d "P t eJ (C;;Z/2Z). 

5. Equivariant Poincare series of positive- codimensional strata. Let P{Z n a \ {t, d) 
be the ^-equivariant Poincare series of the set CJ S of r-compatible, semi-stable 
holomorphic structures on [E,t). 

Theorem 1.5. Let 

d\ d\ 



V n n n n / 



ri times r; times 

i 

pf(^;Z/2Z) = n^ n ,a)(^»^)- 

i=l 

Combining the above three steps, we obtain the following recursive formula, which 
computes P ( ^ n o) (r, d) in terms of Q£ ( „ i0) (r): 

Theorem 1.6 (Recursive formula). 

z 

(1-8) ^n,«0M = ^oU^) E ^n^n,-)^'*)- 

/iei^„\{A*..} 1=1 
where Q(g na )( r ) is given by Theorem ] 1. cH and d^ is given by (|1.3[) . 
Finally, we derive the following closed formulae. 
Theorem 1.7 (Closed formulae). 

P ("o,i)( r < 2d ) 

' „ , , f2(Eti('-«+r*+0((n+-+rO({5))) . 

t-^ ^ \\ - f2(r z +r z + 1 )) 

i=i n n^>o l«=ik A 1 J 

Z) r i= r 

^ n;u(i+^- i )« +i 



(ntfa-^) 2 ) (i-* 2r< ) 

^(2?-l,0,l)V r i 2c 

V V (-I)'" 1 - t(2tf -a) 

2=1 ri,...,nez >0 lltil 1 1 J 

^ n-Li(i+* 2j - 1 ) 29 ' 



=1 (n;LT(i-* 2j ) 2 )(i-* 2r o 
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JL 2J2 l i Z 1 1 (r i +r i+1 ){(r 1 + -+r i )(i)) 

= y y i-iy- 1 - — r-i !) T,i<j r ' r i 

!=i n,..,nez >0 lli=il 1 L ) 

J2 r»=r 

fi(n^a-^) 2 ) (I-* 2 -) 

Suppose that n > 0. TTien 

r 

= V 



V (-1)' - r-i t to-W t<j T* r i 

= 1 n,...,r,eZ>o 1 li=l V x 1 J 

n^i(i + (r^r/a + i j ) 2n ) (i + t^y 



2 (n-l)(i-l)-Q. 



(nSa-**') 2 ) (I-* 2 -) 



and 



= V V (-I)'" 1 - ^(g-lJE^jnr, 

(=i ri,...,nez >0 1 / 



J2 r i= T 



n 



n: i i(i+^ 1 ) 9 n;L 1 (i+^- 1 ) 



i nSr'a-^n-ua-*^') 

1.4. Notation. In the remainder of the paper, we often denote Z2 the field Z/2Z. 
We also work throughout with a fixed Hermitian metric on the smooth complex 
vector bundle E, and we denote Qe the group of unitary automorphisms of E (the 
unitary gauge group). Qc is m a natural way the complexification of Qe- If E 
is endowed with a real (resp. quaternionic) Hermitian structure r, the involution 
of Qc induced by r preserves Qe, and we denote Q^ = Qe H Q^ the fixed-point 
set of the resulting involution of Qe- The deformation retract GL r (C) U(r) 
induces a deformation retract Qc ~* &Ej which restricts to a deformation retract 
Gc ~~^> Qe- As a consequence, the C?c- e quivariant cohomology of C ss is the same 
as its C?£-equivariant cohomology, and the ^J-equivariant cohomology of CJ S is the 
same as its CJJJ-equivariant cohomology. Also, the classifying spaces BQc and BQe 
have the same homotopy type, and so do BQ^ and BQ£. Since we have chosen a 
Hermitian metric on E, we may think of a holomorphic structure on E as a unitary 
connection 

d A : fl°(M;E) — > Q}{M;E) = Ct 1,0 (M; E) © f2 0,1 (M; E). 

If (E, t) is a real (resp. quaternionic) Hermitian vector bundle, then £l k (M; E) has 
a real (resp. quaternionic) structure given by (pulling back the differential form 
then applying the real (resp. quaternionic) structure) 

(1.9) rj — >rj:=Tor]0(j. 

In this case, the holomorphic structure cLa is called real (resp. quaternionic) 
if it commutes with the real (resp. quaternionic) structures of Q°(M;E) and 
fi 1 (M;i?). This is the exact necessary and sufficient condition for t to induce 
a real (resp. quaternionic) structure on the space ker((i^ 1 ) of holomorphic sections 
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of £ := (E,cIa), turning the holomorphic vector bundle (£,t) into a real (resp. 
quaternionic) holomorphic bundle. To avoid having to continuously distinguish be- 
tween real and quaternionic connections on a real or quaternionic Hermitian bundle 
(E, t), we simply call them r-compatible. 

Given a topological space Y with a continuous action by a topological group G, 
let YhG denote the homotopy orbit space, and let \Y/G\ denote the quotient stack. 
Then H*([Y/G};R) := H* G {Y- R) = H*{Y hG ;R) for any coefficient ring R. 

Acknowledgments. The first author would like to thank Alejandro Adem and 
Robert Lipshitz for helpful conversations. The second author would like to thank 
Erwan Brugalle, Bernardo Uribe, and Richard Wentworth for helpful conversations. 

2. Real and quaternionic structures and their moduli 

In this Section, we summarize the results of |Schl2| . We give precise definitions 
of the moduli spaces Ai^ ' a and Jv^ 'J which appeared in Section [1.31 and identify 
jJ with a Lagrangian quotient C T (Theorem l2.14[) . 

Recall that a moduli problem for geometric objects (=topological spaces with 
an additional geometric structure) typically has two aspects : 

• a topological classification, 

• the construction of a moduli space for objects of each topological type, by 
which we mean, here, a manifold whose points are in bijection with certain 
equivalence classes (ideally, but not always, isomorphism classes) of the 
objects for which one seeks moduli. 

A more refined notion of moduli space is obtained by searching for universal families, 
but we shall not touch upon that aspect here. 

The topological classification of real and quaternionic vector bundles on a Klein 
surface (M, a) of topological type (g,n,a) was obtained by Biswas, Huisman, and 
Hurtubise in |BHH10| . and we recall their result in Subsection 12. II As for the sec- 
ond aspect of the moduli problem, it has been known since the work of Mumford 
on Geometric Invariant Theory, that topologically and geometrically well-behaved 
moduli spaces may only be obtained if one imposes a certain stability condition on 
the objects that one wishes to classify. In the context of vector bundles on curves, 
slope stability probably is the obvious choice. Nonetheless, some care should be 
taken when it comes to the kind of sub-bundle on which to test the slope stability 
condition. We recall the definition of stability in the real and quaternionic sense, 
and the differences with stability in the holomorphic sense, in Subsection 12.21 We 
subsequently propose a geometric-invariant-theoretic and a gauge-theoretic con- 
struction of moduli spaces for real and quaternionic bundles (Subsections 12.31 and 
12. 4[) and explain how this construction fits into two-dimensional Yang-Mills theory 
(Subsection |2"3]) . 

2.1. Topological types of real and quaternionic bundles. We collect the 
topological classification results of Biswas, Huisman, and Hurtubise in a single 
Theorem. 

Theorem 2.1 (Topological types of real and quaternionic bundles, [BHH10J). One 
has : 

• For real bundles : 

— if M a — 0, then real Hermitian bundles on (M, a) are topologically 
classified by their rank and degree. It is necessary and sufficient for a 
real Hermitian bundle of rank r and degree d to exist that 

d = Q (mod 2). 
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if M a ^ and (E,t) is real, then (E T — > M a ) is a real vector bundle 
in the ordinary sense, on the disjoint union 

M a = 7l U • • • U 7 „ 

of at most [g + 1) circles, and we denote 



,U) 



<("■" := wi{E T \ ) <= H 1 (S 1 ;Z/2Z) ~ Z/2Z 



the first Stiefel- Whitney class of E T — > M a restricted to jj . 
Then real Hermitian bundles on (M, a) are topologically classified by 
their rank, their degree, and the sequence w := (w^\ ■ ■ ■ ,w^ n '). It is 
necessary and sufficient for a real Hermitian bundle with given invari- 
ants r, d and w to exist that 



+ --- + w (n) =d (mod 2). 



• For quaternionic bundles : 

Quaternionic Hermitian bundles on (M, a) are topologically classified by 
their rank and degree. It is necessary and sufficient for a topological quater- 
nionic bundle of rank r and degree d to exist that 

d + r(g - 1) = (mod 2). 

Note that if M a ^ and (E,t) is quaternionic, then rkE is even, because the 
fibres of E\m° — > M a are left modules over the field of quaternions. 

2.2. Stability of real and quaternionic bundles. The slope of a non-zero holo- 
morphic vector bundle £ is the quotient 

of its degree by its rank. 

Definition 2.2 (Stability conditions for real and quaternionic bundles). Let (£,t) 
be a real (resp. quaternionic) holomorphic vector bundle on (M,o~). We call a sub- 
bundle of £ non-trivial if it is distinct from {0} and from £. Then (£,t) is said to 
be 

(1) stable if, for any non-trivial r-invariant sub-bundle J- C £, the slope sta- 
bility condition 

< fi{£) 

is satisfied. 

(2) semi-stable if, for any non-trivial r-invariant sub-bundle J- C £ , one has 

/z(.F) < ti{£). 

(3) geometrically stable if the underlying holomorphic bundle £ is stable, 
that is, if, for any non-trivial sub-bundle J- C £ , one has 

(4) geometrically semi-stable, if the underlying holomorphic bundle £ is 
semi-stable, that is, if for any non-trivial sub-bundle T d £ , one has 

We see that (3) (1), and (4) => (2). We recall below that (2) =^ (4), but (1) ^> 
(3). 

Proposition 2.3 ( |Schl2| ). Let {£ , r) be a semi-stable real (resp. quaternionic) 
vector bundle on (M,a). Then (£,t) is geometrically semi-stable. 



THE YANG-MILLS EQUATIONS OVER KLEIN SURFACES 



11 



To see that (1) does not necessarily imply (3), we identify all bundles (£,t) which 
are stable in the real (resp. quaternionic) sense. We note that when T is any 
holomorphic vector bundle, there is a commutative diagram 

a*T — — > T 
M — — ► M 

where r is an invertible, C-antilinear map covering a and such that 

r o r _1 = Idjr, and r'or = Id^r^. 
Therefore, on J- © a* JF, we may define 

^ - (A - - - (A 7) ■ 

t + and t~ are C-antilinear maps from J- ®o~*J- to itself, covering cr, and satisfying 
and 

_ _ (~ldjr \ 

r = v o -id^J = - Id ^' 

In other words, (J-'Qa'*^ 7 , r + ) is a real bundle, and (J r ©cr*J r , t~) is a quaternionic 
bundle. We also note that, if {£ , r) is any real (resp. quaternionic) bundle, the 
bundle End(£) ~ £*(£)£ of endomorphisms of £ always has a reaZ structure given 

by 

f ®UI ► (^OT- 1 ) <8>t(«). 

If we still denote r this real structure, the bundle of real (resp. quaternionic) 
endomorphisms of (£, r) is the bundle (End(£)) of r-invariant elements of End(£). 

Proposition 2.4 ([SchQ]). Let (£,Tg) be a stable real (resp. quaternionic) vector 
bundle. 

(1) Then either (£,Ts) is geometrically stable, or there exists a holomorphic 
vector bundle T , stable in the holomorphic sense, such that £ = J- © a* J 7 . 
In the latter case, if (£, r) is real then a* J 7 J 7 and T£ = t + , and if (£, r) 
is quaternionic, then T£ — r~ . 

(2) In the geometrically stable case, the set of real (resp. quaternionic) endo- 
morphisms of (£,Tg) is 

(End(£)) T£ = {AId £ :Aef} ~r R , 

and, if £ = J- ® a* J- , then 

(End(£)) T£ = {(AldjF, Aldp) : A e C} ~ K C . 

Note that the isomorphisms given in part (2) of the Proposition are isomorphisms 
of real vector spaces. Also, a real (resp. quaternionic) bundle which is stable in the 
real (resp. quaternionic) sense but not geometrically stable, is necessarily of even 
rank. 

The key feature into the moduli problem for real (resp. quaternionic) bundles on 
(M, a) is that there are enough real (resp. quaternionic) bundles which are stable 
in the real (resp. quaternionic) sense for a semi-stable real (resp. quaternionic) 
bundle {£, r) to admit a real (resp. quaternionic) Jordan-Holder filtration in the 
following sense. 



12 



CHIU-CHU MELISSA LIU AND FLORENT SCHAFFHAUSER 



Definition 2.5. Let (£,t) be a real (resp. quaternionic) bundle. A real (resp. 
quaternionic) Jordan- Holder filtration of (£,t) is a filtration 

{0} = £ c Ei c • • • c £ k = £ 

by r-invariant holomorphic sub-bundles, whose successive quotients are stable in 
the real (resp. quaternionic) sense. 

Theorem 2.6 QSchl2| ). Let Bun s ® (resp. Bun^^) denote the category of semi- 
stable real (resp. quaternionic) bundles of slope fi on (M,cr). By Provosition \2.°A it 
is a strict sub-category of the category Bun ss ^ of semi-stable holomorphic bundles 
of slope \x. Moreover : 

(1) If u : (£i,ti) — > (£2,72) is a morphism of real (resp. quaternionic) bun- 
dles, then the bundles Kerw and Imii are semi-stable real (resp. quater- 
nionic) bundles of slope \i, and the isomorphism £/Ker it ~ Imu is an iso- 
morphism of real (resp. quaternionic) bundles. As a consequence, BunJ^ 
(resp. Bun^ ^) is an Abelian category. 

(2) The Abelian category BunJ^ (resp. Bunjf^) is Artinian, Noetherian, and 
stable by extensions. If (£, t) is stable in the real (resp. quaternionic) 
sense, then its endomorphism ring (End£) T is a field which is an algebraic 
extension o/M, so it is either E orC. 

(3) The simple objects of Bun^ (resp. Bunjf^) are the real (resp. quater- 
nionic) bundles of slope /j, on (M,o~) that are stable in the real (resp. quater- 
nionic) sense. In particular, a semi-stable real (resp. quaternionic) bundle 
(£,t) admits a real (resp. quaternionic) Jordan-Holder filtration. 

Note that a real (resp. quaternionic) Jordan-Holder nitration of a semi-stable real 
(resp. quaternionic) bundle(£, r) is not a Jordan-Holder nitration of the underlying 
holomorphic bundle 8 (for instance, if (£, r) = (J- © <j*J-, t^) with a*T ^± F and 
T geometrically stable, then (£, r) is stable as a real (resp. quaternionic) bundle 
so its real (resp. quaternionic) Jordan-Holder nitrations have length one, while 
its holomorphic Jordan-Holder nitrations have length two). The graded object 
associated to a real (resp. quaternionic) Jordan-Holder filtration of a semi-stable 
real (resp. quaternionic) bundle (£ , r) is a poly-stable object in the sense of the 
following definition. 

Definition 2.7 (Poly-stable real and quaternionic bundles). A real (resp. quater- 
nionic) vector bundle {£, r) on {M, a) is called poly-stable if there exist real (resp. 
quaternionic) bundles {J z j,Tj)\<j<k °f equal slope, stable in the real (resp. quater- 
nionic) sense, such that 

£ ~ T x ® ■ ■ ■ © T k 

and 

T = T1 8 ••• ©Tjfc. 

By Proposition 12.41 a poly-stable real (resp. quaternionic) bundle is poly-stable in 
the holomorphic sense (=a direct sum of stable holomorphic bundles of equal slope). 
We recall that the holomorphic S'-equivalence class of a semi-stable holomorphic 
bundle £ is, by definition ( [Ses67j ). the graded isomorphism class of the poly-stable 
bundle gr(£ ) associated to any Jordan-Holder filtration of £. 

Corollary 2.8 ([Schl2]). The S-equivalence class, as a holomorphic bundle, of 
a semi-stable real (resp. quaternionic) bundle {£, r) contains a poly-stable real 
(resp. quaternionic) bundle in the sense of Definition W7K Any two such objects 
are isomorphic as real (resp. quaternionic) poly-stable bundles. 

In particular, there is a well-defined notion of real (resp. quaternionic) S'-equivalence 
class for a semi-stable real (resp. quaternionic) bundle {£ ,r). 
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Definition 2.9 (Real and quaternionic S-equivalence classes). The graded isomor- 
phism class, in the real (resp. quaternionic) sense, of the poly-stable real (resp. 
quaternionic) bundle gr(£, r) associated to any real (resp. quaternionic) Jordan- 
Holder filtration of (£,t), is called the real (resp. quaternionic) S-equivalence 
class of (£, t). 

We point out that a same poly-stable object may admit, however, both a real and a 
quaternionic structure, showing that it belongs both to a real and to a quaternionic 
^-equivalence class (for instance, F © a* T admits the real structure r + and the 
quaternionic structure t~). A final instructive example is given as follows. Let 
(£, t) be a real (resp. quaternionic) line bundle on (M, a). Then £(& £ admits two 
non-conjugate, non-stable, real (resp. quaternionic) structures, namely 

r © t and t + = 

We note that t + is indeed quaternionic when r is quaternionic. The two non- 
conjugate poly-stable real (resp. quaternionic) structures t©t and t+ are, however, 
S-equivalent in the real (resp. quaternionic) sense. Indeed, 

gr(£ © £ : t © t) — (£, t) © (£, r) 
and {£ © £,r + ) admits the real (resp. quaternionic) Jordan- Holder filtration 

{0} C £ A C £ © £ , 
where £a is the image of the diagonal embedding 

£ — > £®£ 
u i — > (a, u) . 

In particular, (£a,t + \c a ) is isomorphic to (£, t) as a real (resp. quaternionic) 
bundle. Moreover, the map 

{£ © £)/£ A — ► £ 

(v,w) i — > i(v — w) 

is an isomorphism of real (resp. quaternionic) bundles with respect to r+ and r, so 

gr(£©£,T+) ~ (£,T)ffi(£,r). 

2.3. Moduli of semi-stable real and quaternionic bundles. Motivated by 
the results of the previous Subsection, we look for a space whose points are in 
bijection with real (resp. quaternionic) S'-equivalence classes of semi-stable real 
(resp. quaternionic) bundles of fixed topological type. Since the moduli variety 
Mm ^(C) is the set of holomorphic 5-equivalence classes of semi-stable holomorphic 
bundles of topological type (r, d), it is natural to look for moduli spaces of real (resp. 
quaternionic) bundles that would be subspaces of Mlf a (C). More specifically, since 
the functor £ i — > a*£ preserves the rank, the degree, and the slope (semi-) stability 
of a holomorphic vector bundle, it takes a holomorphic Jordan- Holder filtration 

{0} = £ C £i C • • • C £ k = £ 

to the holomorphic Jordan-Holder filtration 

{0} = <j*£ c a*£[ c • • • C a*£ k = , 

so it induces an anti-holomorphic involution 

[£}s \^£]s 

of Mlf a (C), whose fixed-point set Mlf a (M.) contains holomorphic S'-equivalence 
classes of semi-stable real (resp. quaternionic) bundles of rank r and degree d. 
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Unfortunately, a real point of ■M^f' cr is not necessarily the real (resp. quaternionic) 
S-equivalence class of a real (resp. quaternionic) poly-stable bundle, as one can 
see by considering the direct sum (£±,Ti) © (£2,^2) of a stable real bundle and a 
stable quaternionic bundle. The statement becomes true, however, if we restrict 
our attention to geometrically stable real (resp. quaternionic) bundles, as shown 
by the next Proposition. 

Proposition 2.10 QBHH10|). Assume that £ is a bundle on M, which is sta- 
ble in the holomorphic sense, and such that o~*£ ~ £. Then £ is either real or 
quaternionic, and it cannot be both. 

If we denote A/7) the open sub-scheme of M-^fa parametrizing isomorphism classes 
of stable holomorphic bundles of rank r and degree d on M, then A/7^(C) is a non- 
singular complex variety, and is equal to Ai^^iC) when r and d are coprime. We 
have the following description of A/^^.(M). 

Theorem 2.11 ( |Schl2| ). The points o/TV^^R) are in bijection with isomorphism 
classes of geometrically stable real and quaternionic bundles. Moreover, two geo- 
metrically stable real bundles belong to the same connected component ofJ\f^J d a (K) if 
and only if they are smoothly isomorphic. Geometrically stable quaternionic bundles 
lie in a different, single connected component of JV^J d cr (M.). 

This includes the case where r A d = 1, as in this case a stable real (resp. quater- 
nionic) bundle necessarily is geometrically stable, but the statement of the Theorem 
is no longer correct for A4lf a (R) in general, for, as we have already noted, a poly- 
stable object of the form J- © o~*!F may admit both a real and a quaternionic 
structure. The Theorem also says that connected components of A/"^^.(K) are in- 
dexed by topological types of real and quaternionic bundles, which we can easily 
count using Theorem 12.11 (for instance, it is no greater than 2 9 + 1, see |Schl2j 
for details). Let NX^'J denote the space of real (resp. quaternionic) isomorphism 
classes of geometrically stable real (resp. quaternionic) bundles of a fixed topo- 
logical type (determined by r, d, r) over a Klein surface (M, a) . Then Nik 'J 1S a 
connected component of J\f^ a (K.) . 

The problem when r and d are not coprime, is that real points of A^ d CT do not 
represent real (resp. quaternionic) S'-equivalence classes of semi-stable real (resp. 
quaternionic) bundles of rank r and degree d. Fortunately, it is possible, using 
gauge theory, to produce topological spaces whose points are in bijection exactly 
with the elements of the set M. 1 ^ of real (resp. quaternionic) S'-equivalence classes 
of semi-stable real (resp. quaternionic) bundles of fixed topological type. When r 
and d are coprime, these topological spaces are smooth manifolds that embed onto 
the various connected components of M. r A f a {R). 

2.4. The gauge-theoretic point of view. We refer to Section 3.2 of |Schl2) 
for the explicit computations of this Subsection. Let (E, t) be a fixed real (resp. 
quaternionic) Hermitian bundle of rank r and degree d on (M, a). The affine space 
C of holomorphic structures on E is in bijection with the affine space Ae of unitary 
connections 

d A : Q°(M;E) — > ^{M-^E) = Q 1 ' (M; E) @ Q ' 1 (M; E) 

via the map sending d A to its (0, l)-part, denoted 8a- In the rest of the paper, 
we constanttly identify C and Ae in this manner (which depends on the choice of 
the metric on E) . The set of isomorphism classes of holomorphic vector bundles of 
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rank r and degree d is in bijection with the set 

C/Gc 

of orbits of unitary connections on E under the action 

g(A) = A-(d A g)g- 1 + ((d A g)g- 1 Y 

of the complex gauge group of E. This restricts to the usual gauge action of Qe C Qc 
on C given by 

u(A) = A - ((Iau)^ 1 

for u unitary. Atiyah and Bott have showed that the affine space C has a natural 
Kahler structure, with complex structure induced by the Hodge star * of M, and 
the compatible symplectic structure given, on TaC ~ fi 1 [M; u(E)j , by 



U) A (a,b) = 




-tr(a A b) . 



The remarkable property QAB83J) is that the action of the unitary gauge group Qe 
on C is Hamiltonian with respect to this symplectic form, with the curvature map 

C — »• n 2 (M:u(E)) - (Lie g E )* 
A .— ► ^ 

for a momentum map. A celebrated Theorem of Donaldson then gives necessary 
and sufficient conditions for a holomorphic bundle £ to be stable in terms of the 
corresponding <5c - orbit 0(£) of unitary connections. 

Theorem 2.12 (Donaldson, [Don83j). A holomorphic vector bundle £ of rank r 
and degree d on M is stable if, and only if, the corresponding Qc-orbit 0{£) of 
unitary connections on E contains an irreducible, minimal Yang-Mills connection, 
meaning a unitary connection A such that : 

(1) Stab 5c (^) = C*, 

(2) F A = *i2wfl r . 

Moreover, such a connection is unique up to a unitary automorphism of E. 

As a consequence, graded isomorphism classes of poly-stable holomorphic bundles 
of rank r and degree d are in bijection with ^s-orbits of minimal Yang-Mills con- 
nections. It will be convenient to have the following notation at our disposal : 

where /j, ss = (f,-" ,*) has been identified with *i2ir^Id E G fi 2 (M '; u(E)) , the 
notation A m i n being justified by the fact that .4, m i n is the set of absolute minima 
of the Yang-Mills functional 

C — ► R 
LyM: A ^ j M \\F A f 

for unitary connections on E. Donaldson's Theorem then implies that there is a 
homeomorphism 

M r M d jc) = c ss //g c ~ F- l {{» ss })/g E , 

where C ss //Qc designates the set of S'-equivalence classes of semi-stable holomorphic 
structures on E. 

It turns out that there is a similar presentation for the set 
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of real (resp. quaternionic) S'-equivalence classes of semi-stable r-compatible struc- 
tures on (E,t). As a first step towards this, we note that r induces an anti- 
symplectic, involutive isometry 

C — > _C 

" T ' A i — > ipo*Aip~ x 



where ip : a*E E is the bundle isomorphism corresponding to r (one has 
a*(p = ip~ x if r is real, and a*ip = —p^ 1 is r is quaternionic; notice that, in either 
case, the transformation a T is involutive) , as well as involutions 

a Se — > Qe 

Pt ■ , — * — -1 

u i — > ipa*u(p 

and 

, ft 2 (M;u(£)) — ► Q 2 (M;u(E)) 
Pt ' i? i — ► (pa* Rip' 1 

We denote both involutions by /3 T because the second one is induced by the first 
one under the identification 

Sl 2 (M;u(E)) ~ (Lie(g E ))*. 

It should be noted that the involution j3 T on Qe C Qc m fact comes from an 
involution /3 T : g h- > (po*gtp~ 1 defined on the whole of f/c- It is convenient to 
simply denote 

3:=a T (A), m:=/3 t (u), $ := p r (g), R:=(3 T {R). 
We have the following compatibility relations, 



u{A) = u{A) and = F A , 

between the involution of C and the gauge action, and between the involution of 
C and the momentum map of the gauge action. Similarly, Qc also acts on C in a 
compatible way : 

for all g G Qc- These relations ensure that a T preserves the minimal set 

and that Q^ (the group of fixed points of j3 T on Qe) acts on A^ in , the fixed-point 
set of the restriction of a T to A m i n . As a consequence of all these compatibilities, 
we can form the Lagrangian quotient 

(2-10) C T := (F~ 1 ({[i ss })) T /Q E ■ 

The group Q^ is exactly the group of unitary automorphisms of E that commute 
to r, and we call it the real (resp. quaternionic) gauge group of (E, r). When 
we want to emphasize the real or quaternionic nature of t, we write tk or th, 
respectively. Similarly, we write Q^ and QJ^, respectively for the real and the 
quaternionic gauge group. Distinguishing between real and quaternionic structures 
will be of importance in Section [U when we compute the Poincare series of B(Q E i ) 
and B(Q E a ). Results of Section [SJ in contrast, do not depend on the type of r. 

Our second step is to notice that, for fixed r, a unitary connection A on (E, r) 
induces a r-compatible holomorphic structure if and only if A = A. This is so 
simply because the covariant derivative 

d A : Q°(M;E) — ► Cl l (M;E) 

commutes to the real (resp. quaternionic) structures of O (M; E) and f2 1 (M; E) if 
and only if 

cLas = cIas, 
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which, because of the relation d-^s = cIas defining A, is equivalent to 

d-j = d A . 

Since a semi-stable r-compatible holomorphic structure on (E, r) gives rise to a 
semi-stable real (resp. quaternionic) holomorphic bundle {£ , r) which admits a real 
(resp. quaternionic) Jordan-Holder filtration, the poly-stable real (resp. quater- 
nionic) structure of the associated graded object gr(£,r) is defined by a unitary 
connection 

Ae(F-\{^ ss })) T . 

In fact, this unitary connection is unique up to the action of the real (resp. quater- 
nionic) gauge group, as shown by the next result. 

Proposition 2.13 ( |Schl2| ). Let A, A' be two connections which satisfy A = A 
and A' — A' , and assume that A and A' define poly-stable real (resp. quaternionic) 
structures. Then A and A' lie in the same Qe -orbit if, and only if they lie in the 
same Q E -orbit. 

We note that, since a poly-stable real (resp. quaternionic) bundle is poly-stable 
in the holomorphic sense and since the involution a T on C induces the involution 
[£]s ' — > [< J *£]s on C ss //Qc — Mlf a (C), one has a natural embedding 

(the injectivity of this map follows from Corollary 12. 8[) . Moreover, by Proposition 
12.131 the map sending a (J^-orbit of minimal Yang-Mills connections to the ^-orbit 
containing it is injective. In sum, we have proved the following result. 

Theorem 2.14 ( [Sch.12] ). There is a bijection 

C T = (F-\{^ SS })) T IQl -> = CUQl c M r A fjR) 

between the space of gauge equivalence classes of r-compatible minimal Yang-Mills 
connections on (E,t), and the space of real (resp. quaternionic) S-equivalence 
classes of semi- stable r-compatible holomorphic structures on (E,t). 

In that sense, the set £ T , which is naturally in bijection with a set of real points 
of A4^f a , is a moduli space for semi-stable real (resp. quaternionic) bundles which 
have the same topological type as (E,t). 

When r A d = 1, any semi-stable bundle is in fact stable, so = Gc/R* acts 
freely on CJ S = CJ, and 

In this case, L T is a compact connected manifold of real dimension r 2 (g — 1) + 1, 
and its mod 2 Poincare polynomial is 

P t (C T ; Z/2Z) = P G t l (C S T S ;Z/2Z) = (1 - t) pf c (C/ s ; Z/2Z) . 

2.5. Yang-Mills equations over a Klein surface. To conclude this Section, we 
explain a way of thinking about our moduli problem in terms of two-dimensional 
Yang-Mills theory. 

As shown by Atiyah and Bott, the Yang-Mills equations over a compact Riemann 
surface M, i.e. the Euler- Lagrange equations for the Yang-Mills functional 

Lym ■ A i — > f \\F A \\\ 

are given by 

d A (*F A ) = 0. 
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Given a fixed Hermitian vector bundle E of rank r and degree d, the critical points 
of the Yang-Mills functional are the unitary connections satisfying 

(2.11) F A = «2tt [ — I ri © • • • © — L, 

\n n 

where 

l l 



E 



r, = ?* and dj = d . 



i=l i=l 

These critical points are called Yang-Mills connections. Among them, the ab- 
solute minima of the Yang-Mills functional are the connections satisfying 

Fa = *i2n— Id^ . 
r 

The Morse strata of the Yang-Mills functional coincide with the strata defined by 
the Harder-Narasimhan types ( |AB83[ |Das92j). 

If now (M, a) is a Klein surface and [E, r) is a real (resp. quatcrnionic) Hermitian 
vector bundle of rank r and degree d on (M, a) , then the critical sets of the Yang- 
Mills functional Lym (in fact, the whole Morse strata, see Subsection I5.2[) are 
invariant under the involution A i — > A induced by t on the space of all unitary 
connections on E, for F-j = Fa for any connection, and Fa — Fa if A satisfies 
(|2.1ip . We say that the Yang-Mills equations thus defined over (M, a) are given by 
the system 

d A {*_F A ) = 
A = A 



(2.12) 



In other words, Yang-Mills connections over the Klein surface (M, a) are Yang-Mills 
connections over M with an additional Galois symmetry. This gives a good notion 
of Yang-Mills equations over (M, a) because, by Theorem 12. 141 gauge orbits of 
minimal solutions to (|2.12p are in bijective correspondence with real (resp. quater- 
nionic) S'-equivalence classes of semi-stable r-compatible holomorphic structures 
on (E,t), thus characterizing semi-stable or, perhaps more accurately, poly-stable 
objects in algebraic geometry in terms of solutions to a certain partial differential 
equation. 

3. Based gauge groups and representation varieties 

In this section, we recall definitions of based gauge groups and representation 
varieties introduced in [AB83 (complex case) and [BHH10 (real and quaternionic 
cases). We also outline our strategy of computing the mod 2 Poincare series of the 
classifying space of the real and quaternionic gauge groups. All the maps, bundles, 
sections, etc. are of class C°°. 

3.1. Cell decomposition of Klein surfaces. Let (M, a) be a Klein surface of 
topological type (g,n,a). In this subsection, we recall the cell decomposition of 
(M, a) introduced in [BHH101 Section 2]. Let q : M — > M/a be the projection to 
the quotient. We will first introduce a cell decomposition of M/a: 

M/a = (J e a U |J ep. 

aes per 

For each a € S, the preimage q~ 1 (e a ) is a single cell in M, and we still call it 
e a ; for each E T, the preimage q~ 1 {ep) is a disjoint union of two cells e^" and 
= er(e^) in M. Then we have a cell decomposition of M: 

M = |J e Q U |J(e+Ue^). 

aes per 
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3.1.1. Type 0: n = 0, a = 1. In this case, M/cr is a nonorientable surface without 
boundary. This case was considered in [Ho04 . There are two subcases: 

(i) g = 2g is even. M/a is homeomorphic to the connected sum of a Riemann 
surface of genus g and the real projective plane MP . 

(ii) g — 2g+l is odd. M/a is homeomorphic to the connected sum of a Riemann 
surface of genus g and a Klein bottle. 

We have a disjoint union of cells: 



(3.13) M/a 



V U Uti (&i U k) U 7o U F, g = 2g, 

VU Uf=i (a* U A) U 70 U S U F, .9 - 2g + 1. 
In the above cell decomposition: 

• V = {x} is a 0-cell, where x £ M/a. 

• &i, Pi, Sq, 70 are 1-cells. Their closures ctj, ft, 70, 5o & re loops in M/a 
passing through x. 

• F is a 2-cell such that its oriented boundary is given by 

ITLiN^ho: 5 = 2 <7) 



dF = 



For each cell e in the cell decomposition (|3.13[) . q 1 (e) the disjoint union of two 
cells e + and e~ = <r(e + ) in M. We have a disjoint union of cells: 



V+ U V- U Uf =1 («+ U or u 4+ U /§") 
u 7o" U 7^ U F+ U F~ 



9 = 29, 



(3.14) M = < 



= 20 + 1, 



U 7" U ULi («+ U d" U 0+ U /?") 
U7 "Ui + U^UF+UF" 

In the above cell decomposition, 

• V + — {xq} and V~ = {a(xo)}, where {xo,a(xo)} — q~ 1 (x). 

• Let af , fif , 7^ , Sf be the closures of af , /3f , 7^ , , respectively. Then 
af , {if are loops in M passing through xq, and a~,(3~ are loops in M 
passing through a(xo). When g = 2g is even, 7^ is a path in M from xo 
to a(xo). so 7q~ is a path in M from <r(a;o) to xq. When g = 2g + 1 is odd, 
7o" is a loop in M passing through xq, and Sq is a path in M from xo to 
cr(a;o); so 7~ is a loop in M passing through a{xo) and Sq is a path in M 
from cr(a;o) to xq- 

• The oriented boundary of F + is given by 



3F+ = 
Therefore, 

dF- = 



nf=i a + ]7o + ^o + 7o~ (Kr\ 9=29- 



i ft ]7o To^ , .9 = 2.9, 

•jsrho - ^^) -1 . .9 = 2.9 + 1. 




3.1.2. Type I: n > 0, a = 0. In this case, M/cr is an orientable surface with 
boundary. There is a non- negative integer g such that g = 2g + n — 1, and M/cr is 
homeomorphic to S§ >n , where is obtained by removing n disjoint open disks 
from a Riemann surface of genus g. M a = d{M / a) is the disjoint union of n circles: 

M a = d{M/a) = 71 U ••• U 7ll . 
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We have a disjoint union of cells: 

n g n n 

(3.15) M/a = [J Vi U Q (di U ft) U (J ^ U |J S 3 U F. 

f=l i=l 3=1 3=2 

In the above cell decomposition: 

• Each Vi = {x{\ is a 0-cell, where xi G 7». 

• dj, ft, 7j, jj are 1-cells. 7j = 7^ U {2^} is the closure of 7$. 

• For i = the closures a*, ft of di,ft are loops in M/<j passing 
through si. 

• For i = 2, . . . , n, the closure Si of 5i is a path from xi to x^. 

• F is a 2-cell such that its oriented boundary is given by 

g n 

9F = nN,AhiIIW rl - 

i=l i=2 

In the cell decomposition (|3.15l) : 

• (7 _1 (I^) a single 0-cell in M, and we still call it Vi\ <7~ 1 (7i) is a single 1-cell 
in M, and we still call it 

• If e is a cell in the decomposition (|3.15l) . and e is neither V, nor 7,, then 
q~ 1 (e) is the disjoint union of two cells e + and e~ = cr(e + ) in M. 

We have a disjoint union of cells: 

n g n n 

(3.16) M=\JViU[j (af U dr U ft+ U ftr) U Q % U Q (<5+ U Sj) Uf+UF. 

z=l i=l i=l i=2 

In the above decomposition, 

• Let af , ft^ , Sf 1 be the closures of af , ft 1 , Sf , respectively. Then , fif are 
loops in M passing through x%, and S i is a path in M from xi to 2^. 

• The oriented boundary of F + is given by 

g n 

dF+ = nK.^71 n w-nistr 1 ) 

i=l i=2 

Therefore, 

^- = IlK^rbi n Ov^rr 1 ) 

i=l i=2 

3.1.3. Type II: n > 0, a = 1. In this case, M/a is a nonorientable surface with 
boundary, and g — n > 0. M CT = d{M/a) is the disjoint union of n circles: 

M a = d{M/a) = 71 U ••• U 7 „. 

There are two subcases: 

(i) g — n — 2g is even: M/cj is homeomorphic to the connected sum of 
and the real projective plane MP 2 . 

(ii) g — n = 2g + 1 is odd: M/a is homeomophic to the connected sum of 
and a Klein bottle. 

We have a disjoint union of cells: 
(3.17) 

_ / ur= ^ u uf =1 (di u ft ) u ur= 7, u ur=i 4 u f <? - « = 23, 
k ur= ^ u uf =1 (di u ft ) u ur= 7, u ur= & u ^ <? - « = 2.9 + 1 . 

In the above cell decomposition: 



M/a 
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dF 



Each Vi = {xi} is a 0-cell, where Xi £ ji for i — 1, . . . , n, and xo is in the 
interior of M/a. 

dj, $1,^1, Si are 1-cells. Let cti, (3i,5i,"fi be the closures of dj, /3j, 7;, <5^ , re- 
spectively. For i = 1, . . . , n, 7i = 7j U {x^}. 

7o, ar e loops in M/cr passing through xq- 
For i = 1, . . . , n, 5i is a path from xo to xi. 
F is a 2-cell such that its oriented boundary is given by 

'ntlKftbo 2 ITwW 1 ) 5 - n = 2g, 

Jli=i[®i, Pi] 7o<5o7o^ 1 Ui^aiK 1 )' 9- n = 2 9+ l 
In the cell decomposition (|3.17|) : 

• For i = l,...,n, is a single 0-cell in M, and we still call it Vf, 
9 _1 (7i) i s a single 1-cell in M, and we still call it 7;. 

• If e is a cell in the decomposition (|3.17l) and is not in {V±, . . . , V n , 71, ... , 7n}; 
then <7 -1 (e) is the disjoint union of two cells e + and e~ = cr(e + ) in M. 

We have a disjoint union of cells: 
(3.18) 

v+ u v ~ u UILx ^ u Uf =1 (d+ u dr u /§+ u /?r) 

U7 + u % u ur=i 7i u ur=i (^ + u*nuuf + uf- 

v/ -= <! 

V u V u Ur =1 Vi u Uf =1 u dr u /§+ u p~) 

. U 7o + U 7o ~ U ULi 7, U U"=o & U jf ) U U F + U F" 
In the above cell decomposition, 

• V + = {x } and V ~ = {er(x )}, where {x ,cr(x )} = q~ x {x). 

• Let of , ft? 1 , jj^ , 5f be the closures of d^ , j^f , 7^ , fij^ , respectively. Then 
a t ' Pt are fo°P s hi M passing through xq, and a~ , (3~ are loops in M 
passing through cr(xo). df~ is a path in M from Xq to Xj, and 5~ is a path 
in M from cx(xo) to Xj. 

• When 5 — n = 2g is even, 7^ is a path in M from xo to ct(xo), so 7^ is a 
path in M from cr(xo) to xq. When g — 2g + 1 is odd, 7^ is a loop in M 
passing through xq, and 5q is a path in M from xo to <r(xo); so 7^ is a 
loop in M passing through cr(xo) and 8q is a path in M from cr(xo) to xo- 

• The oriented boundary of F + is given by 

'nLik + ,/3+]7o + 7 - IlLiO^^r 1 )' <? - n = 2g, 
Therefore, 

= fnf=ik-: ^-]7o"7o + nti&^rr 1 ), s - » = 2§, 

~ lntiK"^r]7o"^7o + (V)" 1 iK=i(*r7i(<5r) _1 )> 5 - « = 25 + 1. 



g - n = 2g + 1 



dF+ 



dF~ 



3.2. The evaluation map and based gauge groups. Let (E, r) — > (M, a) be 

a real or quaternionic Hermitian vector bundle of rank r, degree d over a Klein 
surface (M, a) of topological type (g,n,a). 

Let Pe — > M be the unitary frame bundle of the Hermitian vector bundle E. 
Then Pe is a principal U(r)-bundle over M. The structure group U(r) acts freely 
011 P B on the right, and M = P E /U(r). Let n : P E ->• M = P E /U(r) be the 
natural projection. The gauge group £7e can be identified with the space of U(r)- 
equivariant maps Pe — > U(r), where U(r) acts on itself by conjugation: 

£e = : Pe -> U(r) | u(p • /i) = h~ 1 u(p)h for any p e Pg, ft & U(r)}. 
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For any p G Pe , there is an evaluation map 

ev p : Ge — > U(r), u h-> 

The evaluation map ev p is a surjective group homomorphism. Note that the kernel 
of ev p depends only on n(p) G M. We define the based gauge group Ge{x) to be 
the kernel of ev p , where p is any point in n^ 1 (x). Then Ge{x) is a normal subgroup 
of Ge, and there is a short exact sequence of groups 

(3.19) 1 -> £e(z) — > S B ^> U(r) -> 1. 

Given p = (x, ei, . . . , e r ) G Pe, where a; G M and (ei, . . . , e r ) is a unitary frame 
of E x , (r(ei), . . . ,r(e r )) is a unitary frame of E a ( x y We define 

t : P E ^ P E -, (x, ei, . . . , e r ) i-> (ct(ot), r(ei), . . . , r(e r )). 

Then t : P E ^ Pe satisfies the following properties: 

(1) The diagram 

Pe > Pe 

M — °— ^ M 
is a commutative diagram, 

(2) For all p G Pe and h G U(r), 

r(p • h) — r{p) ■ ft. 

(3) For all p G P E , 



t o r(p) 



[p-(--fr), T- = T H , 

where 7 r G U(r) is the r x r identity matrix. 
The involution t : Ge ^ Ge can be described in terms of r : Pe — V Pe, as 
follows. Given 

u E G E = {u : P E ^ U(r) | u(p • ft) = h~ 1 u(p)h for any pe Pe, ft G U(r)}, 
define 

t(m) : Pe -> U(r), r(u)(p) = u(r(p)). 
ft is straighforward to check that t(u) G £e and r(r(u)) = u. The involution 
t : ^e — ► Ge is given byuHT(u). The fixed-point set Ge IS the real or quaternionic 
gauge group. 

For any p G Pe, there is a commutative diagram 

Ge — - — ► Ge 

cv T(p) 

U(r) — 2-> U(r) 
where tr : U(r) — > U(r) is defined by tr(^4) = A. Let 

J= ( ^ J ) eSO(2), 

and define 

J m = diag (j^^j) E S0 ( 2m )- 

m copies 

When r is even, we define an involution 

r H : U(r) -> U(r), A - J r/2 ^J r /2 
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The fixed points set of r H is U(r) r « = Sp(|). 
Given x G M, there are two cases: 

(1) If tr(x) ^ x, then for any p £ tt~ 1 (x), the map 

ev p x ev r(p ) : Q E -> U(r) x U(r), it >->■ (u(p), u(r(p))) 
is surjective, and 

(ev p x ev T(p) )(^) = {{A, A) \ A G U(r)} c U(r) x U(r). 
So we have a surjective map 

ev p : Q T E -> U(r), u^u(p). 

(2) If cr(a;) = x, then r : — ► Pg restricts to r : 7r _1 (a;) — !> 7r _1 (a;). We may 
choose p 6 7r _1 (a;) such that 

t(p) = /p. ^ = n. 

I p ■ J r /2, if T is even and r = th- 

Then 

w(t"r(p)) = u (p)> u (m(p)) = Jr/\ u (p) J r/2 = ~ J r /2u(P) J r /2- 

So 



(ev p x ev T(p) )(g E ) = {(A,t(A)) \ A g U(r)} 
(ev p x ev T(p) )(^) = p,I)|vleU(rn, 
So we have a surjective map 

ev p : ^ U(r) T , u^u{p). 
Let (M, <r) be a Klein surface of topological type (g, n, a), and let 

{(xi, . . . , x n ), if a = and n > 0, 
(x ,a;i,...,x n ), ifo = l, 

where aij is chosen as in Section [3.1l If a = 1, choose po € 7r (so). For i = 1, . . . , n, 
choose j»i g 7r _1 (j:j) such that 



I Pi, if r = tr. 

1 Pi • Jr/2, if r is even and r = 7]h- 

(pi, . . . ,p„), if a = and n > 0, 
(po,Pl,---,Pn), ifa=l. 



(3.20) r(p,0 
Let 

H 

We define 

G(l, a) (r) ■= U(r) ra x (U(r) T )", 
and define an evaluation map ev^ : — > Gv^ j (r) by 



evjf(u) 



(w(pi), . . . , u(p„)), if a = and n > 0, 

^(u(p ) , u(pi) , . . . ,u(p n ), ifa = l. 

where u(p ) g U(r) and u(pi), . . . ,w(p„) G U(r) T . Then evj? : 5b -> G ( £ a) (r) is a 
surjective group homomorphism. The kernel of evp depends only on x G M a+n . We 
define the based gauge group G E (x) to be the kernel of ev^, where p = (pi, . . . ,p n ) 
or (po,Pi, ■ • ■ ,Pn), an d Pi is chosen to satisfy (I3.20P for i > 0. Then Q E {x] is a 
normal subgroup of , and there is a short exact sequence of groups 



(3.21) i_>0T(a!)_>0r _^G ( ; i0) (r) 
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3.3. The complex holonomy map. A unitary connection A on E can be viewed 
as a connection on the principal bundle n : Pe — > M. Given any path 7 : [0, 1] — > 
M, let x = 7(0), a; 1 = 7(1) £ M, and let 

P y (A) : tt- 1 {x )^tt- 1 {x 1 ) 

be the parallel transport defined by A. Then P 7 (A) is U(r)-equivariant, i.e., 

P. ( (A)(p ■ h) = P, ( (A)(p) ■ h 

for any p £ 7r _1 (a:o) and /i £ U(r). Given p € 7r _1 (xo) and pi £ 7T _1 (a;i), let 
P-y,Po,vi {A) € U(r) be characterized by 

P 7 (4)(po) =Pi •P^po^CA)- 1 . 

This gives a map 

Py.po.pi • C U(r) 

for each path 7 in M and reference points p £ 7r _1 (o;o), Pi £ 7T _1 (a;i). These maps 
satisfy the following two properties: 

(1) (dependence on reference points) For any A £ C, po £ 7r _1 (x ), pi £ 
7r _1 (a;i), h ,hi £ U(r), 

(3.22) P-i^po-hcpi-hi {A) = h Pj tPOtPl (A)hi 

(2) (composition of paths) If 71 is a path from x to x\, 72 is a path from £1 
to X2, and p^ £ ■n^ 1 (x i ) for i = 0, 1, 2, then 

(3-23) ^7l-72>P0,P2(^) = Pll,P0,Pl (A)Py 2 ,Pl,P2 (-^) 

for any A <E C. 

Suppose that 7(0) = 7(1), so that 7 is a loop. We define 

P~t,Po : ~ -^7>Po,Po • ^ ~~ ^ U(r). 
Then the maps Py,p satisfy the following properties. 

(1) (dependence on reference points) If 7 is a based loop in (M, x), then 

(3.24) P~,, P -h{A) = h~ 1 P ltP {A)h 

for p £ 7r _1 (x), /i £ U(r), and A £ C. 

(2) (composition of loops) If 71, 72 are loops passing through x, andp £ 7r _1 (x), 
then 

(3.25) P 7l . 72)P (A) = P-yi,p{A)P<y 2lP (A) 
for any A £ C. 

Then 

P 7>P .fc(4) = /T^^/i 

for any A £ C, p £ 7r _1 (7(0)), /i £ U(r). We call P 1:Po (A) the holonomy of 
the connection A along the loop 7 with respect to the reference point 

Po £^ 1 ( 7 (0)). 

There is a disjoint union of cells: 

9 

(3.26) M = V U (J(&i Lift) UF. 

i=l 

In the above cell decomposition: 

• V = {x} for some x £ M. 

• &j, /3j are 1-cells. The closures ctfj, of dj, /3j are loops in M passing through 
x. 
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• F is a 2-cell, and the oriented boundary of F is given by 

g 

dF = '[[[a i ,p i ]. 

i=l 

We choose p G 7r _1 (a;). Then there is a surjective map 

Hoi : C — > U(r) 2 ^, A -> (P ai , p (A), P ftj ,(A), . . . , P Q „, P (A), iX, p (A)) 
which descends to a surjective map 

(3.27) Tbo\:C/g B {x) U(r) 2fl . 

We call Hoi the holonomy map defined by the based loops oti,fii in (M,x) 
and the reference point p G 71" (a;). The based gauge group Ge{%) ac ts freely 
on the contractible space C, so the quotient C/Qe{x) is a classifying space of Qe{x). 
The action of Qe on C induces an action of U(r) = Oe/Ge(x) on B(g E {x)) — 
C/Qe{x). By (|3.24p . the holonomy map (|3.27|) is U(r)-equivariant with respect to 
this U(r)-action on C/Qe{x) and the following U(r)-action on U(r) 2s : 

(3.28) (ai, 6i, . . . , a s , b g ) ■ u — [u^ 1 a\u, u~ 1 b\u, . . . , u~ a g u, u~ 1 b g u), 

where u, a<, 6j £ U(r). 

There is a commutative diagram 

5(ft 2 (U(r))) ► B(g E (xj) 



Hoi 



(3.29) £(fi 2 (U(r))) ► 



■* MJ(r) x u(r) U(r) 2 ^ 



{point} > BU(r) > BU(r) 

In the above diagram: 

(1) All the rows and columns are fibrations. 

(2) The maps 

B(n 2 (XJ(r))) -> B(0 2 (U(r))) , BU(r) — ► BU(r) 

are the identity maps. 

(3) The central column of diagram comes from the short exact sequence (|3.19[) . 

(4) EU(r) x u(r) (U(r) 2 f) is the quotient of EU(r) x (U(r) 2 ^) by the following- 
free action by U(r): 

(y,z)-h = (yh,z- h) 

where y G .EU(r), 2 G U(r) 2ff , and 2 • ft, is given by (|3.28p . Therefore 
BU(r) Xuw (U(r) 2s ) is the homotopy orbit space of the following left 
U(r)-action on U(r) 2s : 

h-z:=z-h~ l , fteU(r), z G U(r) 29 . 

(5) £?(f2 2 (U(r))) can be identified with the based gauge group of S 2 , and is 
homotopy equivalent to f2U(r)o, the connected component of the identity 
of the based loop space f2U(r) of U(r). 

Atiyah and Bott showed that the fibrations in the central column and in the 
top row of (|3.29p are homologically trivial over Q. So all the rows and columns of 
(I3.29P are homologically trivial over Q. Therefore, 

Pt(B(G E );Q) = Pt(n\J(r) Q ;Q)P t (V(r) 2 3;Q)P t (BV(r);Q) 

where P t (V(r) 2 a ;Q) = P t (U(r); Q) 2s . 
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3.4. Real and quaternionic holomomy maps. To compute the mod 2 cohomol- 
ogy of the real and quaternionic gauge group, we consider the following commutative 
diagram: 
(3.30) 

B(^(V(r))) ► B(QUZ)) W £n >a) (r,d) 

B(tf(U(r))) > B(gi) > E(G ( l a) (r)) x G ,^ r) W^ n>o) (r,d) 

{point} > S(G ( ; o) (r)) > S(G ( ; a) (r))) 

In the above diagram: 

(1) All the rows and columns are fibrations. 

(2) The maps 

B(n 2 (V(r))) -y B(n 2 (BU(r))), B(G£, o) (r)) B(G^ a) (r)) 

are the identity maps. 

(3) The central column of the diagram (|3.30[) comes from the short exact se- 
quence p. 211) . 

(4) We will define the holonomy space W/£ n a \(i",d) m Definition 13. II 

(5) E (P&,a)( r )) x G ( :, a) (r) W ( l nta) (r,d) is the quotient of the E(G£ t<t) (r)) x 

W to, n ,a)( r > d ) ^ the free G (n,a)( r )- aCti0n 

(y,z) ■ 9 = {y ■ 9,z ■ g) = (y-g, g^ 1 ■ 'A 

where 

y G E(G { l ta) (r)), z g W { l nta) {r,d), g g G£ i0) (r), 
and z • g = g • z will be defined in Definition 13.21 Therefore, 

£(G ( ;, a) (r)) x G( . o)(r) W ( ; >n , o) (r,d) 

is the homotopy orbit space of the left G£ a ^ (r)-action on W,J na ^(r,c[) 
defined in Definition 13.21 

(6) We will define the holonomy map 

Hoi: £(^(5?)) — > W( ; nio) (r,d) 

in Definition 13.31 It is a GZ x (r)-equivariant map. 

In Section 21 we will compute Ql(g,n,a) — P t (B(Q 1 E )\ Z2) by studying the co- 
homology Leray-Serre spectral sequences associated to the fibrations of the right 
column and the central row of (|3.30[) . These spectral sequences do not collapse at 
the E^-term in general. 

Let {E, t) be a real or quaternionic Hermitian vector bundle of rank r and degree 
d over a Klein surface (M, a) of topological type (g, n, a). 

Define 

0(r)±i ={ie O(r) I det(A) = ±1}. 
Then 0(r)+i = SO(r) and 0(r)_i are the two connected components of O(r). 

Definition 3.1 (Holonomy spaces). If n = or t = th, define 

W^ n<a) (r,d) :=U(r)»+°x(U(rr) n . 
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If n > and r = tr ; define . . . , i//™- 1 G Z/2Z as in Theorem \2. 1\ (2). Define 

n 

W£ n>a) (r,d) = V(ry+ a )<nO(r) H) , w 

4=1 

Definition 3.2 (Group action on holonomy spaces). 

(1) Suppose that a = 1, n > 0, and g — n = 2g is even. Given 

(auh, ■ ■ .,a,g,b s ,di,.. .,d n ,co,c x , . . . ,c n ) G W^^fad), 
where ai,bi,dj, Co £ XJ(r) and c±, . . . , c n G U(r) T , and 

(h ,hi,...,h n ) G G£ i0) (r). 
where ho G U(r), /ii, . . . ,h r G U(r) r , £/ie group action is given by 
(a*, bi,dj,c , cj) ■ (ho, hi,..., h n ) 
= (h Q ~ 1 a i h , ho l bih , h^djhj, h^coho, hJ 1 c J h : j), 

where i — 1, . . . ,g, j = 1, . . . , n. 

(2) Suppose that a = 1, n > 0, and g — n = 2g + I is odd. Given 

(a 1 ,b 1 ,.. .,a s ,b s ,d ,di, . . . ,d n ,c ,c 1 , . . . ,c n ) G W(^„ ja) (r,d), 
where ai,bi,do,dj,co G\J(r) and c\, . . . , c„ G U(r) T , and 

(h ,hi,...,h n ) G G ( ; a) (r). 
where ho G U(r), /ii, . . . ,h r G U(r) r 7 i/ie group action is given by 
(ai,bi,do, dj,co,cj) ■ (h , hi,..., h n ) 
= [ho ciiho, h^ biho, h^ dofiQ , h^ djhj, h^ c$ho, hj 1 c j hj), 

where i = 1, . . . ,g, j = 1, . . . , n. 

(3) Suppose that a = 0, n > 0, so that g = 2g + n — 1 /or some non-negative 
integer g. Given 

(ai,bi,...,a s ,b s ,d 2 , . . . , d n , a, . . . , c n ) G W(^ n ,o)( r ' d )' 
where ai,bi,dj,€\J(r) and ci, . . . , c„ G U(r) T , and 

(hi,...,h n ) G G ( ^ a) (r). 
where fti,...,h„ 6U(r) T , £/ie group action is given by 
(ai,bi,dj,ci,Cj) ■ (hi,...,h n ) 
— (hi dihi, h^bihi, h^djhj, h^ x cjh\, h~ 1 Cjhj), 
where i = 1, . . . , g, j = 2, . . . , n. 
The above are right actions. We define left action of G/ » (r) on W,g n a \ (r, d) by 

g-z:= z-g~ l , g G G^ a) (r),z G W^„, a) (r, d). 

Definition 3.3 (Holonomy maps). 

(1) Suppose that a = 1, n > 0, and g — n — 2g is even. Define 

™--C T ->W£ n , o) (r,d) 
^4 i ^ (P Ql iPo (A), P^ ( A), ... , P a - !Po (A), P/3 9iPo (A), 

(A),...,p a „, po , pn (A), 
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(2) Suppose that a = 1, n > 0, and g — n = 2g + 1 is odd. Define 

Bo\:C T ->W£ ni0) (r,d) 

by 

A h-> (P aiiPo (A), Pp liPo (A), . . . , P aStPo (Aj, Pp StPo (A), 
(A),P Sl 

•^70 ,P0 (^) 1 ^71 >Pl C'V ' ' • ' 1 ^7n ,Pn (^) ) 

(3) Suppose that a = 0, n > 0, so i/iai g = 2g + ri — 1 /or some non-negative 
integer g. 

A ^ (P auPl (A),Pp uPl (A),...,P aStPl (A),P 0s<pl (A), 

P&2,Pl ,P2 O'V! • • • J P&n ,Pl ,Pn (A), P~/ 1 , pi (-A) , ■ • ■ , Py„ ,p n {A)) 

In all the above three cases, the map Hoi : C T — > n a ^ (r, d) descends to a surjec- 
tive map 

Kol:C r jQl{x) —>w& nta) {r,<I). 

Lemma 3.4 (Equivariance of the holonomy map). The Q T E -action on C T induces 
an action of G^T )( r ) — Ge/Ge(x) on Q T /Q T (x). The holonomy map 

Rol :F ^W£ n , a) (r,d) 

is a j(r)-equivariant with respect to this action onC T jQ T E (x) and the right action 
on W,g n a j (r, d) defined in Definition \3.2i 

Proof. This follows from the construction and (|3.22[) . □ 

3.5. Representation varieties. Let E be a Hermitian vector bundle of rank r 
and degree d over a Riemann surface X(C) of genus g > 2. Define 

g 

m : \J(r) 2g ->■ U(r), m(oi, &i, ...,a g ,b g ) = 

8=1 

The following is a consequence of the results in [AB83J: 
Theorem 3.5. TTie holonomy map 

Hoi : C/0 B (a;) -> U(r) 2s 
restricts to a U (r)-equivariant homeomorphism 

Hoi : Ani„/£i? -> V g (r,d) := rrT 1 ( exp(-2m-J r )) 

We call (r, d) the representation variety of central Yang-Mills connections on 
a rank r, degree d Hermitian vector bundle over a Riemann surface of genus g. 

Corollary 3.6. We have the following isomorphism of topological stacks 

[A min /g E ] s [V g (r,d)/U(r)] 

and the following homotopy equivalences of homotopy orbit spaces 

{Css)hg c — (PsslhQm — (-^min)/i0 E ■ 

Therefore, 

P g (r,d)=P^ r) (V g (r,d);®). 
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Let (E, t) be a real or quaternionic Hermitian vector bundle over a Klein surface 
(M, a) of topological type (g, n, a). We define 

m:W<; ini0) (r,d)->U(r) 

as follows. Let 

_ \ l, t = m, 

T = T K . 

(1) Suppose that a = 1, n > 0, and g — n = 2<? is even. Given 

£= (ai,6i,...,a § ,6g,di,...,d„,c ,ci,...,c„) G W^ ni0) (r,d), 

where aj, &i, dj, Co G U(r) and ci, . . . , c n G U(r) T , define 

9 n 
= J|[a l ,fe l ]c (e r c ) ^[{djCjdJ 1 ). 

(2) Suppose that a = 1, n > 0, and g — n = 2g + f is odd. Given 

f = (ai,6i,...,a§,6g,do,di,...,d„,co,ci,...,c„) G W^„ )0 )(r, d), 
where at, 6j, do, dj, cq G U(r) and ci, . . . , c„ G U(r) T , dehne 

9 n 

tn(£) = J|[ai,6i]c d codo 1 JJfdyCjdT 1 ). 

»=i j=i 

(3) Suppose that a = 0, n > 0, so that g = 2g + n — 1 for some non-negative 
integer Given 

£ = (ai,6i,...,a § ,6g,d 2 ,...,d„,ci,...,c„) G W^ na) (r, d), 

where a^, 6j, dj, G U(r) and ci, . . . , c„ G U(?') T , define 

9 n 

m(£) = JJ[o»,&»]ci JJ^Cj-dJ 1 ). 

It is straighforward to check that 

( (-i)™ (1) +-+™ <n \ if n >0 and r = r R , 
detom(VK ( ^ Q) (r,d)) = j (-l)^-!), if „ = and r = r H) 

ll, otherwise. 

We define the representation variety of central Yang-Mills connections on a real or 
quaternionic Hermitian bundle (E, r) of rank r and degree d over a Klein surface 
[M, a) of topological type (g, n, a) to be 

V(g,n,a)(r,d) ■= ( exp(-Mr^/ r )) c W (ff T >n >o) (r, d). 
The following is a consequence of the results in [BHHIOJ: 
Theorem 3.7. The holonomy map 

Hol:C7^(x)^M/ ( ;„ iQ) (r,d) 
restricts to a G^Z a ^(r)-equivariant homeomorphism 

Ko\:A T m jg T E (x)^V (g \ a) {r,d). 
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Corollary 3.8. We have the following isomorphism of topological stacks 

[A^JG T E ]^[V {g ^ a) (r,d)/G^ a) (r)] 
and the following homotopy equivalences of homotopy orbit spaces 

Therefore, 

P(ln,a)(r,d) = P^ ir \v ( ; !n<a) (r,d);Z 2 ). 

4. The classifying spaces of the real and quaternionic gauge groups 

Let (E, r) be a real or quaternionic Hermitian vector bundle of rank r and degree 
dona Klein surface (M, a) of topological type (g, n, a). The goal of this section is 
to compute 

Q(ln,a)(r) = Pt(BG T E ;Z 2 ). 

4.1. Topology of classical groups and their classifying spaces. In this sub- 
section, we summarize some known results on the topology of classical groups and 
their classifying spaces. Given a topological group G, let Go be the connected 
component of the identity of G. For example, (U(r))o = U(r), (O(r))o = SO(r). 

4.1.1. Unitary groups. 

ff*(BU(r);Z) =Z[c 1 ,...,c r ], 

where Cj S H 2j (BU(r); Z) is the universal j-th Chern class. By the universal 
coefficient theorem, for any field K, 

H*(BV(r);K) = K[c x , . . . , c r ]. 

Therefore 

Pt(gu(r);g) = n; =1 (i-^) 

for any field K. 

H*(XJ(r); K) = A[xi, X3, . . . , X2r-i], the exterior algebra on generators Xj, where 
degXj = j (see e.g. Example 5.F on page 150-151 of |McC01| ). Therefore 

r 

P t (XJ(r);K) = l[(l + &- 1 ). 
j=i 

Let f2U(r) be the loop space of U(r). Then 

7r (nU(r)) =7ri(U(r)) =Z. 
Let (fiU(r))o be the connected component of the identity. Then 

(flU(r))o = fiuw 

where U(r) = SU(r) x R is the universal cover of U(r). So (f2U(r))o is homotopy 
equivalent to f2(SU(r)). R. Bott proved that the the loop group fl(G) of any con- 
nected, simply connected, compact Lie group G are free of torsion, and computed 
the Poincare series of f2(G) |Bot54l [Bot56j . In particular, 

P t (nSV(r);K) = =— 

for any field K. Therefore 

P t ((fiU(r)) ;if) 



for any field K . 
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4.1.2. Orthogonal groups. We use the notation Z 2 := Z/2Z. We recall that 

H*(BO(r);Z 2 )=Z 2 [ Wl ,...,w r }, 
where Wj S H 3 (50(r); Z2) is the universal j-th Stiefel- Whitney class. Therefore, 

1 



P t (PO(r);Z 2 ) = 



P*(SO(r); Z 2 ) (r > 2) has a simple system of generators {xi, x 2 , . . . , x r _i}, 
where degXj = j (see e.g. Example 5.H on page 153-155 of |McC01) V Therefore 

r-l 

P t ((0(r))o;Za) = Pt(SO(r);Z2) = JJ(l + *»'). 

i=i 

The above formula also holds when r = 1: in this case SO(l) is a point, so 
P t (SO(l);Z 2 ) = l. 

4.1.3. Symplectic groups. 

H*(BSp(m);Z)=Z[a 1 ,...,a m \ 
where o~j S P 4 - 5 (PSp(m); Z). By the universal coefficient theorem, 

H*(BSp{m);K)=K[a 1 ,...,a m ] 
for any field K. Therefore 

1 



P t (BSp(m);K) 



nr=i(i-^) 



for any field PJ. 

P"*(Sp(m); K) = A(x3, X7, . . . , X4 TO _i), the exterior algebra on generators x^ 
where degXj = j. Therefore, 



P t (Sp(m);X)-n( 1 + <4 "" 1 )- 
i=i 



for any field P. 



4.2. Equivariant cohomology of the holonomy space. In this section, we will 
compute 

f g (r) := P t (£U(r)x u(r) U(r) 2 ^) = P t UW (U(r) 2 »;Q) 
f(g,n, a) (r) := P(^ ;(l) (r) x G( . o)(r) W ( ;„ j0) (r, d); Z2) 

= P t G <"'»» M (^„ ia) (r,d);Z 2 ). 

We introduce the following notation. Given a compact Lie group G, let G con 
denote G with the conjugation action by itself, and let Pg 511 := EG Xq G con be the 
homotopy orbit space. Then there is a fibration 

G -> Pg" 1 ->• BG. 

We have 

P£(G con ;P) = H*(E c ° n ;R) 

for any coefficient ring P. 
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4.2.1. Computation of f g (r). It is known that the cohomology Leray-Serre spectral 
sequence associated ol the fibration 

U(r) -»■ E™fo BU(r) 

degenerates at the E 2 page over Z or over any field coefficient K. Therefore, 

f g (r) = P t (BU(r);Q)P t (U(r) 2 9;Q) 

= P t (BU(r);Q)P t (U(r);Q) 2ff 

n;=i(i-^) ■ 

4.2.2. Some preliminary results. Let S be the homotopy orbit space of the following 
left U(r) x U(r)-action on U(r) 

(61,62) • c = &1C&2 1 - 

There is a fibration 

U(r) -> £ -> BU(r) x BU(r). 
The i?2-term of the cohomological Leray-Serre spectral sequence associated to the 
above fibration is 

e p,q s ^f(u(r); Z 2 ) ® H q (BU(r) x BU(r); Z 2 ), 

where 

iP(U(r);Z 2 ) = A[xi,x 3 , • • • ,x 2r -i], 
H*(B\J(r) x BU(r);Z 2 ) = Z 2 [t/ 2 , J/4, • • • , U2r, Z2, Zi, ■ ■ ■ , z 2 r\- 
Lemma 4.1. The nonzero differentials d k , k > 2, are given by 

d 2 £ : Elf -> E%£ 2i ' g ~ 2e+1 , ax 2 ^_i h-> a(y 2 £ + z 2 ^). 

Proof. We make the following observations: 

(1) The group homomorphism 

U(r) -> U(r) x U(r), /i h> (ft, J r ) 
induces a continuous map i : BU(r) — > BU(r) x BU(r). 
: B*(BU(r) x BU(r);Z 2 ) = Z 2 [y 2i , z 2i ] — ► ff*(BU(r);Z 2 ) = Z 2 [y 2l ] 
is given by 

U2i^U2t, z 2l i-^0, i = l,...,r. 
The pullback fibration — >• BU(r) is isomorphic to the universal U(r)- 
bundle MJ(r) -> BU(r). Therefore, 

i*d 2 £(x 2 ^_i) = y 2e 

and = otherwise. 

(2) The diagonal map 

U(r) -> U(r) x U(r), h^(h,h) 
induces a continuous map j : BU(r) — > BU(r) x BU(r). 
j* : H*(BV(r) x BU(r);Z 2 ) = Z 2 [y 2l ,z 2l ] — ► ff*(BU(r); Z 2 ) = Z 2 [?/ 2i ] 
is given by 

V2i^y2i, z 2l ^y 2l , i = l,...,r. 
The pullback fibration j*E — >• BU(r) is isomorphic to the fibration £?u(r) 
BU(r). Therefore, j*d k = for all k > 2. 
The lemma follows from the above two observations, and induction on k > 2. □ 
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Let K by any field. The group isomorphism U(r) — > U(r), h i-> h induces a 
homcomorphism tp : BU(r) — > BU(r). 

:H*(BU(r);if)=A'[u2,U4,...,«2r] — ► H*(BU(r); K) = K[u 2 , u 4 , . . . , u 2r ] 
is given by 

u 2i ^ {-l) l u 2 i, i = l,...,r. 
In particular, when K = Z 2 , is the identity map. 

The inclusion O(r) U(r) induces a continuous map <^ T „ : BO{r) — »■ BU(r). 

< : IT (BU (r ) ; Z 2 ) = Z 2 [u 2 , u 4 , . • • , u 2r ] -> * (SO (r ) ; Z 2 ) = Z 2 K , w 2 , . . . , w r ] 

is given by 

v,2ii-+Wt, i = l,...,r. 

Suppose that r is even The inclusion Sp(|) ^ U(r) induces a continuous map 
<p m : SSp(|) -+ BU(r). 

: * (BU(r) ; Z 2 ) = Z 2 [u 2 , u 4 , . . . , u 2r ] -»■ * (BSp( T - ) ; Z 2 ) = Z 2 [y 4 , y 8 , . . . , y 2r ] 

is given by 

r 

it4»-2 >->• 0, ua^yu, i = l, 

4.2.3. Computation o//(J„ a )( r ) w/»e« a = 1, n > 0, and g — n = 2g is even. Given 
(ai,6i, ...,a s ,b s ,di,...,d 

ni CO) Ci, . . . , C n 

where a i7 bi,dj,c £ U(r) and ci, . . . , c„ £ U(r) T , and 

(/i ,/ii,...,/i„) e G ( ; j0) (r). 
where /i £ U(r), h\,. . . ,h n £ U(r) T , the group action is given by 
(h a ,hi,...,h n ) ■ (a,i,bi,dj,co,Cj) 

where i = 1, . . . , g, j = 1, . . . , n. If n = 0, then ^(r) = U(r), 

P t G(0 ' 1)(r) (^ 2§;0il) ;Z 2 ) = P f (U(r);Z 2 ) 2 » +1 P t (BU(r);Z 2 ) 

n J r = i(i+^- 1 ) g+1 
n, r =i(i-^') 

From now on, we assume that n > 0. We have 

G m frl 
p (n.o) 1 , j; -r 



n 

P t (U(r);Z 2 )^+ 1 (n^(0(r) ( _ 1)ra(3 ,;Z 2 ))Pr ( " :a,Vr; (U(r)";Z 2 ) 



G, ,(r) 



p t ( "'" )W (W ( ? §+n ,„ ;1) ;Z 2 ) 

r G m (r) 

= P t (U(r);Z 2 ) 2 3+ 1 P t (Sp(-);Z 2 )"P t j (U(r)";Z 2 ) 

where G^ n a ^(r) acts on U(r) n by 

(/i ,fti,...,/in) ' (di,...,d„) = (hodihi 1 ,. . . ^hodnh- 1 ). 
Consider the fibration 

U(r)» BG ( ; a) (r) x G( . o)(r) (U(r)») BG ( ; a) (r). 
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The _E 2 -term of the cohomological Leray-Serre spectral sequence associated to the 
above fibration is 

E™ = ff"(BG ( ; fl) (r);Z 2 ) ® ^(U(r)";Z 2 ), 

where 

n 

H*(BG^- a) (r); Z 2 ) = Z 2 [u 2 , u 4 , . . . , u 2r ] <8> (g) Z 2 [%-,i, j/j, 2 , • • • , 

n 

# * ( BG (n,a) M S Z 2 ) = Za [« 2 , « 4) . • . , ^2r] ® (g) Z 2 [ % , 4 , %,8 , ■ • ■ , lfe,2r] ■ 

n 

H*(U(r)";Z 2 ) = (g)A[a: jl i,a: J -,3,...,a; J -,2r-i]. 



is given by 



Therefore, 



and 



f Tr (r) 

J (g,n.a) V / 



a(u 2 i + y 2 je ), r = r R , 
axj,2i-i >-> ^ aw2^, t = th and £ is odd, 

a(«2<? + J/j,2<), t = t h and £ is even. 



ff* ( ^ )(r) (U(r)";Z 2 ) 

n 

= Z 2 [u 2 ,u 4 , . . . ,w 2r ] <g> (gjA^i,^^, . . . ,y j<r ] 

3 = 1 



— Z 2 [yi ;4 ,j/i i8 ,...,2/i i2r ] 

n 

® (^Afo,! - Xi t i,Xj >5 - Xi, 5 , . . .,Xj. 2r -3 - Xi t 2r-3] 
3=2 



4 (U(r) ' 2) " n- =1 (i-^) 

P t G (-) (r) (U(r)";Z 2 ) = llj =V " 

rcdi(i-^) 



n-=i(i-* 2j ") 

n; = i(i+* 2j '- l ) g n J t 2 i(i+^- 1 ) 
rr^a-^) 
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4.2.4. Computation of f(J n a )( r ) when a = 1, n > 0, and g — n = 2g + 1 is odd. 
Given 

(ai,6i,.. .,a§,6 § ,d ,di, • • • , d„, c , ci, . . . ,c„) <= W ( ^„ )0) (r,d), 
where dj, do, dj, c o S U(r) and Ci, . . . , c„ € U(r) r , and 

(h ,hi,...,h n ) e G ( ; >o) (r). 
where /i G U(r), hi,. . . ,h r G U(r) T , the group action is given by 

(/i , hi,. . . , h n ) ■ {di, h,d , dj,co,Cj) 
= (hoaihy 1 , hobthg 1 , hodohy 1 , hodjhj 1 , hocohy 1 , hjCjhJ 1 ) , 

where i = 1, . . . , g, j = 1, . . . , n. If n = 0, then 1 ^(r) = U(r), 

P t G( " :i,( V»i,o,i);^) = Pt(U(r);Z 2 )* 2 F t (BU(r);Z 2 ) 

n; = i(i+* 2j - 1 ) g+1 
n;=i(i-^) 

From now on, we assume that n > 0. We have 

G Ts (r) 

\w^ +n+ i, n ,iy^) 
= P t (U(r);Z 2 )* 2 (nF f (0(r) ( _ lH3) ;Z 2 ))p5"» (r) (U(rr;Z 2 ) 

3=1 

G TH frl 



where 



P t (U(r);Z 2 ) 2 9+ 2 P t (Sp(^);Z 2 rP t G(; - )W (U(r)";Z 2 ) 



i g (m)W/tt/..\b. , n;=i(i+* j r 



P t ^ '(U(r)";Z 2 ) 



n;=i(i-^) 

r/2 



- n;a( r' j ~ 3) "" 

ni 2 ,(i-< 4 -') 



Therefore, 



/( S ,n,a)l r i n^lC 1- *^') 

f ™ M n^ 1 (i+^- 1 ) g nad+^- 1 ) 

4.2.5. Computation of fig n a ^(r) when a = 0, n > 0, so that g = 2g + n — 1 for 
some non-negative integer g. Given 

(ai,6i, . ..,a g ,b g ,d 2 , . . . , d n , ci, . . . , c„) e W (g r „ a) (r, d), 

where asj, 6j, dj, e U(r) and ci, . . . , c„ £ U(r) T , and 

(Ai M e G { ; B) (r). 

where hi,...,h n € U(r) T , the group action is given by 

(fti, . . . /i n ) • (ai,6 i; dj,ci,Cj) 
= (hiQih^ 1 , hibih^ 1 , hidjhj 1 , hicih^ 1 , hjCjhJ 1 ), 
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where i = 1, . . . , g, j = 2, . . . , n. 

G TB (r) 



P t (U(r);Z 2 ) 2 «(n^(0(r) ( _ 1)luU) ;Z 2 ))P t <-> l '(UM"" 1 ;^) 

G Tn (r) 



^ tB,a) (w^ +n ,„,D;Z2) 

P(U(r);Z 2 ) 2 9p(Sp(^);Z 
where G ( ^ a) (r) = (U(r) T )™ acts on U(r)"- 1 by 



= P t (U(r);Z 2 ) 2 9p(Sp(-);Z 2 )"P t ( ""> l ' (U (r)^ 1 ; Z 2 ) 



(hi,...,h n ) ■ (d 2 ,...,d n ) = (h x d 2 h 2 1 , . . . , hid n h n r ). 
Consider the fibration 

U(r)- 1 -> PG ( ; a) (r) x G( x o)(r) (U(r)») -+ BG ( ; a) (r). 
There is a spectral sequence with 

\n-l 



where 



= PP(PG ( ; a) (r);Z 2 ) ® ff«(U(r)"- 1 ;Z 2 ) 

n 

#*( B <^ a) (r);Z 2 ) = <S)Myj,i,Vj,2,---,y j ,r], 



3 = 1 



j=i 

n 

^(Ufr)"- 1 ; Z 2 ) = (g) A^-,1, ^-,3, • • • , ^,2r-i]- 

j=2 

d 2l :E^^E^- 2£+1 



is given by 



0, t = th and I is odd, 

a(yi,2i + yj,2e), t = m and £ is even. 

Therefore, 

n 

H G T ® ( r )( U ( r )"; Z 2) = Z 2 [2/l,l, J/l,2,..., yi,r] 0(g)A[%,l,%,2,---,2/j,r] 



n 

^G/ E ) ( r )( U ( r )"; Z 2) = Z 2 [yi, 4 , yi, 8 , . . .,J/i,2r] ® (g) A^i , Xj-,5, . . . , Xj, 2r _ 3 ] 



J=2 



4 ( ( } ' 2) " n;=i(i-^") 



P t ^ '(U(r)";Z 2 ) 



n;£ 2 i(i-^) 



f TB (r) 

J (g,n,a) \ J 
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n^i(i + ngi(i + * j r iyi + gr 
n;=i(i-^) 

nLi(i + ^'~ 1 ) 2§ nl 2 i(i + i 4 ^ 1 )" n;=i(i + ^- 3 r- x 



n;=i(i+i 2i - 1 ) 5 n;£ 2 i(i+* 4i - 1 ) 



4.2.6. Summary of computation of f/£ n Q ) (?**)■ 

Theorem 4.2. 

(1) Suppose that n — and a = 1. Then 

IT fi + t 2 ^ 1 ) 9+1 

p* <y\ _ rm ( r \ — ; 

(2) Suppose that n > 0. Then 

fTR n; = i(i + nga + gr n^a + gr 
M n^ 1 (i+^- i )^nad+^- 1 ) 

4.3. Cohomology of the classifying space. By (|3.29p . there is a fibration 

B(n 2 (lJ(r))) B(Q E ) -> MJ(r) x u(r) U(r) 2 ^. 
By the results in |AB83| . 

P t (5(^);Q) =P t (S(r» 2 (U(r)));Q)P t (^U(r) x u(r) U(r) 2s ;Q). 



n;:,(i-* 2j ) n;:,(i-t 2, )n, r .,(i-< 2J ) 

By (|3.30p , there is a hbration 
(4.31) B(0 2 (U(r))) -> E(G ( l <a) (r)) x G(la) ( r ) W£ nia) {r,d). 

For any p £ £?(G ^ a )M) x g ( t (r) ^(gn a) ( r ' we nave a commutative diagram 

S(f7 2 (U(r))) 

s(r» 2 (u(r))) — ^ 

where 

• i p is the inclusion of the fibre over p £ E[G^ ^ (r)J x G(T ( r ) W^ n ^ (r, d), 

• iq is the inclusion of the fibre over q £ EXJ(r) Xyw U(r) 2s , 

• jp induces an isomorphism 

j; : H*(B(n 2 (XJ(r)));Z 2 ) -> H*(B(n 2 (XJ(r)));Z 2 ). 

Atiyah and Bott constructed 

e k £H 2k {B{g E );Z), fc = 1, . . . , r - 1, 

such that i^ei, . . . , i* q e r ~\ generate the integral cohomology ring of B (Q 2 (U (r))) = 
fio(U(r)) for any g e MJ(r) X U(r) U(r) 2 9; 

ff*(n (U(r));Z) 5iZ[i*e 1 ,...,i*e r -i]. 
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Let e' k e H 2k {Bg E ;Z 2 ) be the mod 2 cohomology class associated to e kl and let 

~e k = j*e' k € H 2k (BG T E ;Z 2 ) 1 k = 1, . . . r - 1. 

Then i*ei, . . . , i*e r -i generate the mod 2 cohomology ring of fio(U(r)) for any 
p E E(G^ a) {r)) ><G ( ; a) (r) W^ na) {r,d). By Leray-Hirsch theorem, the mod 2 
cohomological Leray-Serre spectral sequence of the fibration (|4.31[) degenerates at 
the E 2 page, so 

P t (B(g E );Z 2 ) 

= P t {B{n 2 (V{r)))-Z 2 )P t {E(G^ a) {r)) x a ^ r) W { ^ a) (r, d);Z 2 ). 
Therefore, 

f(ln.a)( r ) 



(4-32) 



Theorem O follows from (|4~32j) and Theorem |L2 



n[=i(i-^)' 



5. Stratifications of spaces of real and quaternionic structures 

Let (E, r) be a fixed real or quaternionic Hermitian vector bundle of rank r and 
degree d on a Klein surface (M, tr), with complex gauge group Qc, and let C be the 
space of holomorphic structures / unitary connections on E. We saw in Section [5] 
that there was a Gal(C/K)-action defined on C by 

A i — > ~A := LpcFA^ 1 , 

where ip : a*E ^^s> E is the bundle isomorphism determined by r, as well as a 
compatible involution 

g i — > g := ipa^gtp' 1 

on Qc- The goal of the present section is to show that this Galois action preserves the 
strata of the Shatz (Harder-Narasimhan) stratification of C, and that the Galois- 
invariant parts of the strata form a stratification of C T . Moreover, this induced 
stratification is <5c"-equivariantly perfect over the field Z/2Z. We start by recalling 
the basics about the Shatz stratification and the strategy of Atiyah and Bott to 
show that it is C?c-equivariantly perfect over any of the fields K — Q or Z/pZ 
for p prime. We then proceed with our case, emphasizing the analogy with the 
Atiyah-Bott picture. 

5.1. The Shatz stratification. Harder and Narasimhan showed in [HN75I that a 
holomorphic vector bundle £ of rank r and degree d, say, had a unique filtration 

{0} = £ C Si C ■ • • C £i = £ 

by holomorphic sub-bundles such that Si/Si— i is semi-stable for all i, and 

(i(£i/£o) > fJ-i^/Si) > ■ ■ ■ > ^{Si/Si-x). 

This Harder-Narasimhan filtration is uniquely defined and we can sketch a proof 
of its existence as follows. Given a holomorphic bundle S , the slope function is 
bounded on the set of sub-bundles of S, so one may consider the set of sub-bundles 
of S the slope of which is maximal. Among those, choose a sub-bundle S\ whose 
rank is maximal. This S\ is necessarily semi-stable, and we have S\ = S if and only 
if S is semi-stable, in which case the Harder-Narasimhan filtration is of length 1 = 1, 
and the Harder-Narasimhan type of S is (-, • • • , -). If S i ^ S, one applies the same 
construction to SjS\. This gives a sub-bundle S 2 D Si of S, and fi(Si) > fi(S 2 ) by 
the choice of S\, which implies fJ-(Si) > fi(S 2 /Si). The uniqueness of the filtration 
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shows in particular that, among sub-bundles of £ the slope of which is maximal, 
there is a unique sub-bundle £\ which has maximal rank. We denote 

ri = rk(£j/£j_i), di = deg^/^-i), ^ = — , 

n 

A* = (Ml, ' ' ' ,JH, ■ ■ ■ ,«>••' >W)> 

and 

^ = {(0,0),(j-i,di),(n + r 2 ,di + d 2 ),--- + + di + ... + 4)}. 

One has 

rH h n = rk(£i) 

and 

di H h di = deg(fj) 

for all i, and 

Hx > ■ ■ ■ > Hi- 

The r-tuple fj, is called the Harder-Narasimhan type of £, and is its associated 
Shatz polygon. We denote the set of all possible Harder-Narasimhan types of 
holomorphic structures on a Hermitian vector bundle E of rank r and degree d and, 
for all fi € I r t j, we denote the set of holomorphic structures of type fj, on E. In 
particular, C ss = C Mss where 

/d d\ 
V r r / 

and one has V tlss = {(0, 0), (r, d)}. One has 

C = C ss U {C M : /x € Ir,d \ {^ss}}, 

and this is a stratification of C called the Shatz stratification ([Sha77]). Remarkably, 
it coincides with the Morse stratification of the Yang-Mills functional QDas92]). As 
two isomorphic holomorphic bundles have the same Harder-Narasimhan type, any 
is a union of C?c-° r bits. When £ is a holomorphic bundle of type /i, one denotes 
End' £ the holomorphic bundle of endomorphisms of £ that preserve the Harder- 
Narasimhan filtration and define End" £ by the exact sequence 

— > End' £ — ► Endf — > End" £ — > 0. 

This was used by Atiyah and Bott to identify the normal bundle to C M in C. 

Proposition 5.1 ([AB83]). The complex dimension of the sheaf cohomology group 
H 1 (M; End" £) only depends on the Harder-Narasimhan type \i of £. It is denoted 
d M . Additionally, C M is a locally closed submanifold of C, of codimension d M , and 
the fibre of the normal bundle to C M at a point £ is isomorphic to H 1 (M; End" £ ). 
Finally, for fj, = (fj,x, • ■ • , fJ*i), one has 

d IM = r i r J 0"i - Mj + (g - 1)) • 

i<i<i<; 

A partial order on I r c [ with the property that the closure of C M satisfies 

Cm C (J C w 

fj,'>fi 

is defined as follows : 

H < fjf if and only if corn^T^) C conv('P At '), 
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where coiw(V^) is the convex polygon in the plane (r, d) determined by the r-axis, 
the d-axis, the line r — rk(E), and the points (rk(£ j), deg(£j)). The condition 
fi < [i! is equivalent to 

Mi H V Mi < Mi H 1" Mi 

for all i. Setting 

^ = U c ^ 

Atiyah and Bott used the equivariant Thorn isomorphism 

where 2d M = codiniRC^ in C, to write the equivariant Gysin exact sequences (one 
for each /j.) of the stratification 

in the following way : 

► II l : iC„:K) — ► 4 c (C/ M ; A ) r ^ H^(U, C^K) ••••• 

By definition, a stratification is called equivariantly perfect over the field K if its 
equivariant Gysin exact sequences with coefficients in K break up into short exact 
sequences 

— > H J g ~ 2d " (C,;K) — > 4 c (C^; X) ^ ^ (^ \ C M ; K) — ► . 
This implies that 

P t Gc (C;K)= t 2d »P? c {C^K). 

Atiyah and Bott showed that the Shatz stratification was perfect over any the fields 
K = Q or 1i/pL with p prime, by showing that the composed map 

Hi- 2d »(C„;K) -ll; ; i/ ; ,:A i 

H J g c (C»;K) 

was multiplication by the equivariant Euler class of the normal bundle N p of C M in 
C, and that the latter was not a zero divisor in the equivariant cohomology ring 
Hg (C^jK), forcing the horizontal arrow to be injective. We note that the equi- 
variant Euler class of N M is, for any field K, a well-defined element in Hg * (C M ; K) 
because the equivariant normal bundle to C^, being a complex vector bundle (this 
follows from Proposition 15. ip . is orientable. Indeed, the equivariant Euler class of 
N p is equal to its top equivariant Chern class (with coefficients in K): 

ee c (N M ) = (c d J Sc (Nj e H%*(CtfK). 

The proof that eg E (N^) is not a zero divisor goes as follows ( |AB83| , pp. 568-569 
and 605-606). Denote the set of smooth nitrations of type 

_ ( <h di <h_ <k 

on the Hermitian vector bundle E. By uniqueness of the Harder-Narasimhan fil- 
tration, there is a continuous map 
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sending a holomorphic structure of type fi to the smooth filtration underlying its 
Harder-Narasimhan filtration ([AB83J, sections 14 and 15). Fix now a base point 
Fq in J-p, i.e. a smooth filtration of type fj, on E, and denote B^ the fibre of the 
map C M — > above Fq (=the set of holomorphic structures of type fi yielding the 
given smooth filtration Fo), and the subgroup of Qc preserving Fq. Choose, 
moreover, a splitting of the smooth filtration Fq, so that 

E ~ D 1 ffi • • ■ ffi Di 

with ikDi — r.i and degDj = di for all i. Denote 23° C B^ the set of holomorphic 
structures of type fj, which are compatible with the direct sum decomposition above, 
and denote Q® C the subgroup of preserving the decomposition of E into a 
direct sum. Then, as shown by Atiyah and Bott (Section 7), is the homogeneous 
space Qc/Qfj,, and 

Cfj, = Gc x g„ Bfj, . 

As a consequence, 

EGc xg c C M = EG C x Gc (g c B M ) - EQ^ Xg^B^ , 

and therefore 

H* gc {C il ;K) = H* gii {B ll ;K). 

Moreover, the isomorphism 

E ^ D x ffi ■ ■ ■ ffi Di 

provides homotopy equivalences 

g„~*g% andS M ^S°, 

so 

H* g>i (B^K) = H* g o(Bl;K). 

Finally, as 

l 

»=i 

(a holomorphic structure of type /i on Di ® ■ ■ ■ ffi Di necessarily is a direct sum of 
semi-stable structures on each -Di), and since, by definition, 

i 

— n ' 

i=i 

we have : 

i i 
(5.33) Pf c (C„;K) = npf D '(C ss (A);^) =nP fl (ri,di). 

i=l i=l 

Going back to H% (B a - K) and fixing a base point a; G M, we may consider the 
group g^(x) of gauge transformations of E = D\ ffi • • • ffi Z?; which are the identity 
on the fibre of E at x (the based gauge group). Then g® (x) is a normal subgroup 
of g°, and 

^(i)= i K,:=U(r 1 )x...xU( ri ), 
the structure group of D\ ffi • • ■ © D;. As acts freely on £>°, we obtain 

i?a c (C M ; K) = H*„ JQ = (Z3°/S»; X). 

To simplify the notation, we denote 

c;~Bl/g°(x) 
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and c the element of (C^K) corresponding to the equivariant Euler class 
eg c (N AI ) £ Hg (C^;K) under the ring isomorphism above. The following lemma 
is well-known ( |AB83] p. 605 and |LPV85| p. 121). 

Lemma 5.2 (Reduction to a maximal torus). Let K be any field. Let K be a 
compact connected Lie group, T a maximal torus of K , and i : T K be the 
inclusion map. Then there is an isomorphism of K -vector spaces 

H* T {Y;K)~H^{Y-K) ® K H*(K/T;K). 

In particular, the inclusion i : T <^-» K induces an infective ring homomorphism 

i* : H^(Y; K) ^ H^{Y; K) . 

Equivalently, H^(Y; K) is a direct summand of H^(Y; K). 

Let now T be a maximal torus of K M = Z7(n) x • • • x U(ri), and let us denote 

c' = i*ceH* T {Cl ] K) 

the image of the equivariant Euler class c. Since i* is an injective ring homomor- 
phism, to prove that c is not a zero divisor in (C M ; K). it suffices to prove that 

d is not a zero divisor in (C M ; K ) . 

Lemma 5.3 f [AB83] p.605). Let K be any field. Let T = T xT 1 be the product 
of two sub-tori, in such a way that Tq acts trivially on the T -space Y . Recall that 
there is an isomorphism of K -vector spaces 

H* T {Y; K) ~ H* (BT : K) ® K H* Ti (Y; K) , 

and that H*(BTq; K) ~ K[x\, ■ ■ ■ ,xi] is a polynomial ring over a field (I = dim To, 
deg^i = 2). Any a £ H^,{Y; K) is of the form 

a = cto eg) 1 + terms of positive degree in UJ. (Y; K) 

and, if ao ^ in H*(BTq; K), then cvq is not a zero divisor in that integral domain, 
and consequently a is not a zero divisor in H^(Y; K). 

We note that, if we fix a point yo £ Y, and consider the well-defined map 
BT Q = ET/T — > Y hT = Yx T ET 
lho ' N [yo, e] 

then ao is the pull-back of a under fi yo . 

Corollary 5.4. If a £ H^(Y;K) satisfies the condition that 

H* yo a^ in H*(BT ;K), 
then a is not a zero divisor in H^(Y; K). 

In order to apply this corollary to the element d £ H^iC^K) (the image of the 
equivariant Euler class under the natural inclusion of (C^K) in H^{C^; K) 
given by lemma 15721) . we choose a holomorphic structure Ag £ on 

E = D 1 ®---®Di, 

and denote 

the associated holomorphic vector bundle of type /i. The fibre of N M (the normal 
bundle to C M ) at Aq is isomorphic to 

H 1 (M; End" £ ) = H 1 (M; Hom(X»i , Vj)) . 

i<i<j<i 
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Take then yo to be the image of Ao in C M = B®/G®(x), and 

T - U(l) x ••• x U(l) = Z(K M ) C K p . 

V v ' 

I times 

This torus acts trivially on C^, and we now compute ([AB83], pp. 568-569) 

c" := M ;/. 

One has 

H*(BT ;K) = K[xu>>- ,x t ], 

where xt is the equivariant Euler class of the (U(l)) '-bundle over a point associated 
to the representation 

U(l) x ■■• x U(l) — > Aut(C) 

(tj.,* • • ,t{) i — > multiplication by U. 

The group To acts on Hom(2>;, T>j) — V* ®T>j by multiplication by tj l tj, so it acts 
on the vector space 

ff 1 (M;Hom(2) i ,D J )) 
via the same character. By functoriality of the equivariant Euler class, one has 

i<i<j<; 

where 

Ay := dim c H 1 (M ; Hom(D i; V,)) = nr } (ni - Mi + (.9 - 1)) • 
In particular, fj,* o c' ^ in H*(BT ;K) = K[x±,--- ,xi] so, by Corollary 15.41 the 
equivariant Euler class of N M is not a zero divisor in i?K t , (^j K) = Hg c i^n'i ^0- 

5.2. The induced stratification. As the functor £ H> a*£ preserves the rank and 
degree of a holomorphic vector bundle, it takes the Harder-Narasimhan filtration 
of £ to the Harder-Narasimhan filtration of a*£. In particular, it preserves the 
Harder-Narasimhan type of a holomorphic bundle, which implies that the Shatz / 
Morse strata of C are invariant under the involution a T : A n> A of Section [5J The 
Galois-invariant part 

of C M is the set of r-compatible holomorphic structures of type /i on (E, r). Before 
stating the next result, we recall that if r : £ — > £ is a real or quaternionic structure 
on the holomorphic bundle £ , a sub-bundle T of £ is called real, resp. quaternionic, 
if r(J 7 ) = T, which means that r induces by restriction a real, resp. quaternionic, 
structure on J- . Equivalently, if (p : a*£ £ is the isomorphism determined by 
t, the condition t(J-) = J- is equivalent to (p(a*J-) = T . 

Lemma 5.5. Let £ be a real, resp. quaternionic, holomorphic bundle, and let T 
be the unique maximal rank sub-bundle of £ among sub-bundles of £ whose slope is 
maximal. Then J- is itself real, resp. quaternionic. 

Proposition 5.6. The Harder-Narasimhan filtration of a real, resp. quaternionic, 
holomorphic bundle consists of real, resp. quaternionic, sub-bundles. 

Proof of Lemma \5.5\ Let if : o~*£ — > £ be the isomorphism determined by the real 
or quaternionic structure of £, and let T be the unique sub-bundle of £ satisfying 
the assumptions of the lemma. Then cp induces an isomorphism between a* J- and 
a sub-bundle of £ having the same slope and the same rank as T . By uniqueness 
of such a sub-bundle, we see that ip(a*J-) = T , which proves that J- is either 
real or quaternionic, according to the type of ip. Note that this is how we proved 
Proposition 12.31 □ 
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Proof of Proposition ] 5. 61 This is immediate in view of Lemma [53] and the fact that 
if £ and T are both real, resp. quaternionic, then so is £/ J-. □ 

We note that, for real bundles (=algebraic bundles defined over K), Proposition [5J2 
is in fact a special case of a result of Harder and Narasimhan[HN75j. In the complex 
case considered by Atiyah and Bott, specifying the Harder-Narasimhan type n is 
equivalent to specifying the topological invariants (rj, <ii)i<i<; of the successive 
quotients of the filtration. When M a — or t = tq, there are no further topological 
invariants, so the definition will be similar, but some care should be taken when 
it comes to defining the real Harder-Narasimhan type of a real bundle on a curve 
with real points. 

Definition 5.7 (Real and quaternionic Harder-Narasimhan types) . Let (M,a) be a 
real algebraic curve, and let [S,t) be a real (resp. quaternionic) bundle on (M,cr), 
with Harder-Narasimhan filtration 

{0} = £ C S 1 C • • • C Ei = S . 

The real (resp. quaternionic) Harder-Narasimhan type of (£,t) is the l- 
tuple formed by the topological invariants of the real (resp. quaternionic) bundles 
£i/£i-i (the successive quotients of the filtration) , namely: 

• (rj, di)i<i<i if M a = or t is quaternionic, 

• (rj, di, Wi)i<i<i if t is real and M a ^ 0. 

We denote the set of real (resp. quaternionic) Harder-Narasimhan types of 
T-compatible holomorphic structures on E. In particular, if [i E LT^j there is, 
associated to it, a uniquely defined holomorphic Harder-Narasimhan type, which we 
also denote a, and which satisfies := C r n ^ 0. 

The important thing to realize is that different real Harder-Narasimhan types 
{ri,di,Wi)i<i<i might occur for a same (n, di)i<i<i (the map — > l r ^ d is not 
injcctive). This will be useful in practical computations when considering sums over 
the set of all real Harder-Narasimhan types : such a sum will be equal to the 
sum over the set l r ,d of all holomorphic Harder-Narasimhan types, multiplied by 
a factor of 2^" _1 ^ i_1 ^ (where I is the length of the Harder-Narasimhan filtration), 
corresponding to the choice of topological invariants (wi)i<i<i of the successive 
quotients of the filtration (see Subsection 16.21 for concrete examples of this). 
As a first step towards showing that the stratification 

c T = U C l 

is equivariantly perfect for the action of the group G£, we identify the normal 
bundle to in C T . Let £ E be a real or quaternionic holomorphic bundle of 
Harder-Narasimhan type pi. As earlier, we denote End£ the holomorphic bundle 
of endomorphisms of £ . The group Gal(C/R) acts on End£ = £ * ® £ by 

(®t) — > (Cot" 1 ) (g) t{v) 

(note that we do have an involution of End£ , regardless of whether r is real or 
quaternionic, i.e. squares to +Idg or —IAei meaning that End£ always is a real 
bundle). That way, the Galois- invariant elements of End£ are the endomorphisms 
of £ commuting to r. As a consequence of Proposition 15.61 the sub-bundle End' £ , 
consisting of endomorphisms that preserve the Harder-Narasimhan filtration of £ , 
is pointwise Galois-invariant for the above action, so the Galois action on End£ 
induces an action on the bundle End" £ defined by the exact sequence 

— ► End' £ — >• End£ — > End" £ — > , 
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which in turn shows that we have a Galois action on the complex vector space 
iJ 1 (M; End" £). We simply denote r the various Gal(C/R)-actions that we have 
defined and, combining the above with Proposition 15.11 we obtain the following 
result. 

Proposition 5.8. CJ^ is a Q^-invariant, locally closed submanifold of C T , of real 
codimension d^, and the fibre of the normal bundle to CJ^ at a point £ is isomorphic 
to the real vector space (iJ x (M; End" £ )) T . 

Proof. In view of Proposition ^. 11 it only remains to prove that is (/^-invariant. 
This follows from the fact that C M is C/c-hrvariant and from the compatibility relation 
g(A) = g(A) for all A e C and all g <E Gc- □ 

So CJ^ is a C/J-invariant submanifold of finite codimension of C r , and 

As End£ = £ * ®£ always is a real bundle, so are the conormal and normal bundles 
to C M in C. In particular, the normal bundle to in C T is a real vector bundle 
in the ordinary sense (it simply is the bundle N^, whose fibre at £ is isomorphic 
to (i? 1 (M; End" £ )) r , by Proposition 15. 8p . Such a bundle is not orientable in 
general (see Subsection [53]) and this forces us to restrict to cohomology with mod 2 
coefficients. In particular, has a well-defined ^J-equivariant, mod 2 Euler class, 
which is equal to its top ^-equivariant Stiefel- Whitney class: 



The relation 



% c U c l> 



remains true, and we denote 



U c l- 

)J,I>I1 

For cohomology with mod 2 coefficients, the equivariant Thorn map always is an 
isomorphism, so we have 

ff^(t^,CJ;Z/2Z) ~ H^'(C;;Z/2Z), 

as d^ — codiniRC^ in C T . So the associated equivariant Gysin exact sequence is 

(cj) — - w g r (up — //^ {u;\cd — - • • • 



v c v (1/ ^ 

where mod 2 coefficients are now understood. The proof that egr (NT) is not a zero 
divisor in Hg r (CV) is then parallel to the Atiyah-Bott proof. Denote J 7 ^ C the 
set of r-invariant smooth filtrations of type 

'di (h ck d{ 

on (E,t). Since the Harder-Narasimhan filtration of a r-compatible holomorphic 
structure on E consists, by Proposition 15.61 of r-invariant sub-bundles, there is a 
continuous map 
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sending a r-compatible holomorphic structure to its underlying smooth filtration 
(note that this map is continuous because the Atiyah-Bott map C M — > is 
continuous and sends a r-compatible holomorphic structure to a smooth filtration 
by r-invariant sub-bundles) . Let B^ denote the fibre of this map above some fixed 
t- invariant smooth filtration of (E,t). B^ is the set of r-compatible holomorphic 
structures on (E, r) that yield the chosen smooth filtration of (E, r). The group of 
automorphisms of E preserving that filtration is 

Choose now a splitting of the given smooth filtration of E : 

E = D 1 @---@Di 

with rk Di = n, dcg Di = di, and each Di r-invariant. The set of r-compatible 
holomorphic structures of type \i that are, in addition, compatible with this direct 
sum decomposition is 

(B°r = ^n^, 

and the subgroup of consisting of automorphisms of E preserving the direct sum 
decomposition is 

Then J 7 ^ is the homogeneous space Gc/GJ^, and 

As a consequence, 

I V: x 0£ C; = EQl xgr (g£ x g , BD = EQ* x S; B£ , 

and therefore 

H5 £ (CJ;Z/2Z) = ff2 ; (BJ;Z/2Z). 

Moreover, the splitting 

E ~ Di©---© Di 
being compatible with r, there are homotopy equivalences 

g;^(g;)°, and^-(^) , 

so 

H5 ; (BJ;Z/2Z) = J ff ( * e;) „((^)°;Z/2Z). 

Finally, as 

(B°r = nc(A) 

i=l 

(a r-compatible holomorphic structure of type fi on D\ © • • • © Di necessarily is a 
direct sum of r-compatible semi-stable structures on each Di), and since 

we have : 

l i 
(5.34) (C-Z/2Z) = n^(C;,(A);Z/2Z) = IpteW^)- 

i=l i=l 

Going back to H*g y ((£>°) T ; Z/2Z) and fixing a base point a; G M, we may consider 

the group (G®) T (x) of gauge transformations of E = D\ © • • • © Di which are 
the identity on the fibre of E at x (and, necessarily, also at a(x)). Take x such 
that a(x) 7^ .t, and fix p E tt^ 1 (x), where tt : Pe — > M is the unitary frame 
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bundle of E — > M. By the discussion in Section 13.21 we have a surjective group 
homomorphism 

ev p : Gc — > U(r) 
which restricts to a surjective group homomorphism 

(5.35) (^r^K^U^x-xU^. 
Then : 

• (G°) T (x) is the kernel of ([535)1 . 

. (G°) T (x) is a normal subgroup of (G°) T , and (G°) T /(G°) T (x) S K^. 

• (S°) T (a;) acts freely on (£°) T . 
We obtain 

^(CJ;Z/2Z) = # ( * e o r ((!#)'; Z/2Z) = i^((£°r/(£°r(*);Z/2Z). 

To simplify the notation, we denote 

% ■= {BlY/(GlY{x) 

and w the element of (C^) corresponding to the mod 2 equivariant Euler class 

eg^) e H* gE (C; ; Z/2Z) 

under the ring isomorphism above. To prove that w is not a zero divisor in 
H£- (C^;Z/2Z), it is enough, by lemma 15721 to prove that 

(5.36) w' := i*w G #t(C£; Z/2Z) 

is not a zero divisor in H^(Cj t ; Z/2Z), where T is any maximal torus of K M . We 
take that torus to be invariant under the complex conjugation r of K p = U(ri) x 
• • • x U(n) (explicitly, we take T = {S 1 ) r ). 

Lemma 5.9 (Reduction to the real part of the maximal torus). Let T ~ (S' 1 ) r be 
a torus, with complex conjugation r. Let j : T T =-> T be the inclusion map, and let 
Y be a T-space. Then there is an isomorphism of (Z/2Z) -vector spaces 

(Y; Z/2Z) ~ H^(Y; Z/2Z) ® Z/2Z H* (T/T T ; Z/2Z) . 

In particular, the inclusion j : T T T induces an infective ring isomorphism 

j* : H^{Y; Z/2Z) -4 H^ T (Y; Z/2Z) . 

Equivalently, H^fK; Z/2Z) is a direct summand of i?y T (Y;Z/2Z). 

In particular, to prove that to' is not a zero divisor in _ff^(C^; Z/2Z), it suffices to 
prove that 

(5.37) w" := j V G fff* (C|; Z/2Z) 
is not a zero divisor in iJ^ x (C^; Z/2Z). 

Proof of Lemma 15. M The proof is similar to that of Lemma 15.21 but we give it in 
full detail. Consider the following commutative diagram 

T/T T lY > Y hT r = Y x TT ET = PY > Y hT = Y x T ET 



pr 



pr 



T/T T — — > BT T = ET/T T > BT = ET/T 

Recall that T ~ S 1 x • • • x S 1 (r times). So T T ~ {±1} x • • • x {±1} (r times) and 

ir(£rr ; z/2Z) ~ (z/2Z)[ yi , • • • , y r ] 
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(with degj/j = 1). Moreover T/T T ~ (S 1 ) r , so 

H*(T/T T ; Z/2Z) ~ (Z/2Z)[toi, • • ■ ,«;,.]/ < = > 

(with degWi = 1). The map 

i* : H*(BT T ;Z/2Z) — > H*(T/T T ; Z/2Z) 

takes yj to u>j, so it is surjective. By the commutativity of the diagram above, i Y 
is therefore also surjective. Moreover, the mod 2 cohomology of T/T T ~ (S' 1 ) r is 
free of finite type in all degrees, so we may apply the Leray-Hirsch Theorem to the 
locally trivial fibration 

T/T T — > Y hT r — ► Y hT , 
and obtain an isomorphism of (Z/2Z)-vector spaces 

H* T (F; Z/2Z) ~ iJ* (Y; Z/2Z) ® Z/2Z H*(T/T T ; Z/2Z). 

□ 



It is perhaps worth emphasizing that Lemma 15.91 uses that 

H*(BT T ;Z/2Z) = (Z/2Z) [ yi ,---,yr], 

which only holds for mod 2 coefficients. Then we have the following exact analogue 
of Lemma T5.3I (when T = U(l) r is a torus, we call T T = 0(l) r the real part of T, 
or, slightly abusively, a real sub-torus). 

Lemma 5.10. Let Tq = Tq x T[ be the product of two real sub-tori, in such a way 
that Tq acts trivially on the T T -space Y . Recall that there is an isomorphism of 
(Z/2Z) -vector spaces 

H* T r (Y; Z/2Z) ~ H*(BTS; Z/2Z) ® Z/2Z (Y; Z/2Z) , 

and that H*(BTq] Z/2Z) ~ (Z/2Z) [yi,--- ,y{\ is a polynomial ring over a field 
(I = dim T , degj/i = 1). Any a G H^ (Y; Z/2Z) is of the form 

a = cto eg) 1 + terms of positive degree in H^t (Y; Z/2Z) , 

and, if ctQ ^ Q in H*{BTq\ Z/2Z), then ctQ is not a zero divisor in that integral 
domain, and consequently a is not a zero divisor in H^ T (Y;Z/2Z). 

As in the Atiyah-Bott case, we note that, if we fix a point yo G Y, and consider the 
map 

BTJ = ET T /T^ — > Y hT r =Y x T r ET T 
My ° : [e] [y ,e] 

then ao is the pull-back of a under fi yo . 

Corollary 5.11. If a € (Y; Z/2Z) satisfies the condition that 

fact ?0m H*(BT-:Z/2Z), 
then a is not a zero divisor in H^ T (Y;Z/2Z). 

In order to apply this corollary to the element w" G (C„; Z/2Z) (the image 
of the mod 2 equivariant Euler class w G i/^ (C^;Z/2Z) under the successive 
inclusions (|5.36[) and (|5.37p ) , we choose a r-compatible holomorphic structure Aq G 

(s°r on 

and denote 

£ = T>i @ ■ ■ ■ ® Vi 
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the associated holomorphic vector bundle of type fi. By Proposition 15.81 the fibre 
of at Ao is isomorphic to 

(H 1 (M;End"£ )Y = (F 1 (M;Hom(Z> i ,X> i ))) T . 

l<i<j<l 

Take then y to be the image of A in Cj = (S°) T /(Q°) T (x), and let 

Tl :={±I n }x---x{±I n }cK fl , 

where I Ti denote the identity x rj matrix. Then TJ" = (Z/2Z) 1 acts trivially on 
C^, and we now compute 

w'" :=^ yo w"e H*(BT^;Z/2Z), 

where fj, yo is defined as above, with Y = C'l. Moreover, 

H*(BTJ:Z/2Z) = (Z/2Z)[ yi ,--- , Vl ], 

where yi is the mod 2 equivariant Euler class of the (Z/2Z) '-bundle over a point 
associated to the representation 

Z/2Z x ■ • ■ x Z/2Z — > Aut(R) 

(ti, ■ ■ ■ ,t{) i — > multiplication by U. 

The group Tq acts on (Hom(2?i, 2?j)) T = OX^) 1 " by multiplication by t^tj, 
so it acts on the vector space 

(i/ 1 (Af;Hom(2? l ,P J ))) r 
via the same character. By functoriality of the equivariant Euler class, one has 

l<Kj<l 

where 

X tj = dim R (i/ 1 (Af;Hom(2? l ,P J ))) r 

= dim c i7 1 (Af;Hom(2? l ,P J )) 

= r l r j (fi l - ^ + (g -1)). 

In particular, ^u;" ^ in H*{BT^\ Z/2Z) = (Z/2Z)[wi, • ■ • , wi] so, by Corollary 
15.111 the mod 2 equivariant Euler class of is not a zero divisor in 

H^(Cr;Z/2Z) = H^(C;;Z/2Z). 

Therefore, we have proved the following result. 

Theorem 5.12. The stratification 

CT= [J CI 

is Q^-equivariantly perfect over the field Z/2Z. In particular, 
F? £ (C T ; Z/2Z) = P t" K 5 Z / 2Z ) 

and the real Kirwan map 

H*(Bg^;Z/2Z) — ► H* g<I {CJ s ]Z/2Z) 

is surjective. 

As a consequence, the proof of Theorem 11.41 is now complete. 
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5.3. Orientability of the equivariant normal bundle. We use the notation 
of the previous Subsection. The (JJ-equivariant real vector bundle — > ($°) r 

descends to a K^-equivariant real vector bundle — > C^. Let 

be the K^-equivariant first Stiefel- Whitney class of —> Cj^. Then (Np^^ is an 
orientable real vector bundle over the homotopy orbit space (CVjihQ^ if and only if 
— 0. The inclusion T T = (Z/2Z)' ^ K p induces a group homomorphism 

(5.38) £& m (CJ;Z/2Z) -+ H 1 T5 (CJ-Z/21). 

Tq acts trivially on so, for any point yo e CT, the inclusion {yo} C Cl is T T - 
equivariant, and induces a group homomorphism 

I 

(5.39) fl^(Cj;Z/2Z) -> ({yo}; Z/2Z) = 0(Z/2Z) Wj , 

i=l 

Let 

i 

77:^(C-Z/2Z)^0(Z/2ZK 

»=i 

be the composition of (|5.38[) and (|5.39[) . Then 

l<i<j<l 

= £ ( d i r 3 ~ r i d 3 + r i r j(9 - l ))( w ] ~ Wi) 

l<i<j<l 
I 

= £(rd; + {d+{r- l)(g - l))r;M 
i=l 

{(d + g - 1) YU=i riWl if r is even ' 
Y?i=i(di + dri)wi if r is odd. 

Suppose that r = tr. If either (i) r and g + d are even, or (ii) r is odd and r > 1, 
then there exists some /x such that (N^)hgT is a non-orientable real vector bundle 
over (Cphgr. 

We note that the argument above does not give any non-orientability statement 
when n > and r = th- 

6. Betti numbers of moduli spaces of real and quaternionic bundles 

6.1. A recursive formula for the equivariant Poincare series. We quickly 
summarize our results, using the same notation as in the introduction. (M, a) is a 
Klein surface of topological type (g,n,a) and (E,t) is a real (resp. quaternionic) 
Hermitian bundle of rank r and degree d on (M, a) . The group of r-compatible 
endomorphisms of E is denoted Qfc. We consider the set 

M ( l n , a) (r,d) = CJJ/Gl = {F- l {{ii ss })) r IG T E 

of real (resp. quaternionic) S'-equivalence classes of r-compatible, semi-stable holo- 
morphic structures on E. The ^-equivariant mod 2 Poincare series of CJ S is com- 
puted recursively via the following formula 

i 

P(g,n,a)(r,d) = Q&„,«)(»0 " £ U P { ln,a) *) , 
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where the sum ranges over all possible real (resp. quaternionic) Harder-Narasimhan 
types 

_ / <h di <k_ d£ 
\n n n n 
of r-compatible, non semi-stable holomorphic structures on E and 

d,= £ ^(^-^ + (.9-1) 



i<i<j<; 



The expression for QZ n a )( r ) = P{BQ^) is given in Theorem 11.31 In particular, 

P r (ld) - q+*) fl+1 _ q+*) g 

^(g,n,a)(^ d ) ~ ~ l-t ' 

which is consistent with the fact that M-Pg n a \ (1, d) is, for all r, a real torus M. 9 /Z 9 C 
Pic,l CT (C)^CV^. 

6.2. Solving the recursion. As one might expect by analogy with the Harder- 
Narasimhan- Atiyah-Bott recursive formula, Zagier's method to solve the recursion 
( |Zag96| ) carries over to the real and quaternionic cases. We have 

/ 

Q&»,a){r)= E td "T[Pln,a(n,d t ) : 

where 

fdi di, 
M = —,•••,—), 

v n n' 

and 

_ 1 i 

d n= E (dirj -ndj+nrjig-l)) = E (d irj - ndj) + — — (r 2 - E rf). 

i<«<i<i i<j<j<; i=i 

Define 

dfi = E (dirj -ndj), 

l<i<j<l 

Q( T g ,n <a )(r) = t- r ^-V/ 2 Q { l n!a) (r), 
P(ln, a) (r,d) = i- r2(9 - 1)/2 P ( ;„, a) (r,d). 

Then 

i 

In order to apply Zagier's theorem, we need sums over I r ^ (see Definition 15. 71 and 
the discussion thereafter, for how to relate sums over to sums over I r ,d). Taking 
into account the topological invariants of the real (resp. quaternionic) bundles given 
by the successive quotients of the Harder-Narasimhan filtration, we obtain 

CcdW = E ^IFS,o,i)(^), 

Q(V-i,o,i)(r) - E ^ 11^-1,0,1)^,2^), 

i 



•V2 



CHIU-CHU MELISSA LIU AND FLORENT SCHAFFHAUSER 



For n > 0, we have 

T-'Qiln^r) = r » £ ^Mff-U]jp; iB)i)(niil) 

fj,ei r ,d i=i 

IJ.eI r ,d *=1 
|U£i"r,<i i = l 

Theorem 6.1 (Zagier, |Zag96j Theorem 2]). Let Q r and P r , d (r G Z, d G Z/rZj 
&e elements of a not necessarily commutative algebra over the field of formal power 
series Q((x)) which are related by 



Then for any r and d, we have 



(_ 1 y-l a Jlf(n,...,ni*) 



ti ri ,.^>o nU(i-^ +n+i ) 



riH H"j=r 

w/iere 



1-1 



m (n, . . . , n; A) = 5^( r< + r<+i)((n + • • • + n)A>. 

i=l 

.ffere (x) = 1 + [x] — x /or a rea/ number x denotes the unique t G (0, 1] wi</i x+t G Z. 
Theorem 6.2. One has : 
(1) 

P ("o,i)( r ' M ) 

,A ^ , t 2 El=i(n+n+i)<(ri+-+ri)(^)> , _ 

= y y r-i)'- 1 - — ^ tfe-ijE^r^ 

1=1 ri,...,nez>o lli^l 1 1 ) 

yj n^i(i+* 2j - 1 ) fl+1 

11 rrri-l. 



^n?=7(i-^)n?=i(i-^') 



(2) 



y y ( _i)I-li±^_ ^lf(2 9 '-2)E i<3 nr, 

22 rj=r 

11 TT r i — 1 1" 
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(3) 

= y y — j~, t(v-DE 4 <,nri 

;=i n,...,r ! eE >0 iltil 1 1 J 

mLi(i+* y - 1 ) v+1 



n 



(4) Suppose that n > 0. 

(g,n,a)v ' ^ 

^ „ , fEtl(n+n + i)((ri+-+r < )(^)) 

= V V ^ ^-DEx,^- 

^ ^ FT (1 — /n+n+il 



nffa-^n-uci-*^) 



i=l 

(5) Suppose that n > 0. TTien 

P ( 9 ",a)( 2 ^2d) 

^ , *4E£i(n+r<+i)<(ri+-"+rO(£)) „ 

^ ^ n i " 1 ('l - /4(r,+r I+1 )^ 

1=1 n nez>o lli^iv 1 1 J 

I ^ n^ 1 (i+' 2H ) j n;L 1 (i+t 4H ) 
l\ n-Lv'a-^n-iia-^) 

Proof. We apply Theorem l6.il with 

(1) Q r = Q(^ ,i)( r )) = ^(^i)(^ d), « = 

(2) Qr = Q(^-1,0,1)W) ^r,d = i , (S'-i 1 o,i)(r,2d), X = t 2 . 

(3) Qr = Q(&, 0l i)(r), ^r,d - P ( ^ A i)(^2d + r), x = t\ 



(4) Q r = 2"- 1 Q ( ^ Q) (r) ! P r , d = 2"- 1 P (s TK „ ia) (r,d), 



x = t. 



(5) Q r = Q ( ^, a) (2r), F r , d = P ( ^ ia) (2r,2d) ) * = i 4 . 

□ 

In the Appendix, we use Theorem l6.2l to compute n a \{r,d) explicitly for r < 4. 

It is interesting to note the following equalities. 
Corollary 6.3. One has : 

( a ) ^V-iAi)^) = P (V-i,o,i)M rf ) = 

( b ) ^W r ' 2 ^ = ^W r ' 2d + r )' 

We now give geometric proofs of the first equality of (a), and the equality in (b). 

Proof. On a real curve of type (2g f — 1, 0, 1), there exists a quaternionic line bundle 
£ H of degree 0. Let L m denote the underlying topological line bundle. Then there 
is a group isomorphism 

<p : Q T c -=> Q T c, u^u® Id L n. 
There is a homeomorphism 

i : C ss (r, 2d) T9 - C ss {r, 2d) Tli , £ ^ £ <g> £ H 
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which is equivariant with respect to the ^-action on C ss (r, 2d) TR and the C^-action 
on C ss (r, 2d) ™: 

i(u ■ A) = ip(u) ■ i(A). 
This implies the first equality in (a). There is also a homeomorphism 

^(2 fl -i,o,i)( r ' 2d ) = A„i„(r,2d)^/^ K = M% g _ 1>0tl) (r,2d) = A min (r, 2d)^/Qf. 

On a real curve of type (2c/', 0, 1), there exists a quaternionic line bundle jC m of 
degree 1. Let L M denote the underlying topological line bundle. Then there is a 
group isomorphism 

<P ■■ Gc G T c\ u^u® Id L H. 
There is a homeomorphism 

i : C ss {r, 2d) Ts -=> C ss (r, 2d + r) m , £^£® C m 

which is equivariant with respect to the C/^-action on C ss (r, 2d) Ta and the ^"-action 
on C ss (r, 2d + r) Ta : 

i(u ■ A) = ip(u) ■ i(A). 
This implies (b). There is also a homeomorphism 

M^ g , M (r, 2d) = A min (r, 2d) T */Q^ £* M^ g , a l) (r, 2d+r) = A min (r, 2d+r)™/Q^. 

□ 

6.3. Comments on the coprime case and the Poincare duality. In this 
subsection, all the cohomology groups and Poincare polynomials are with Z/2Z 
coefficients. 

When r and d are coprime, ■M^ na ^ {r, d), being a connected component of the fixed 
locus of an involutive isometry in a smooth compact manifold of real dimension 
2(r 2 (g — 1) + 1), is a smooth compact connected manifold of real dimension r 2 (g — 
1) + 1. Its mod 2 Poincare polynomial is related to P^ gna ^(r,d) in the following 
way : 

Pt(M^ a) {r,d)) = (1 -t)P^ a) (r,d). 

Indeed, the centre of is isomorphic to ffi* and it acts trivially on CJ S , moreover 
the action of := Q^/W on CJ S is free with smooth compact connected quotient 

A1 (ff,n,o)( r » d )' 80 

H* gi (C; s ) = H^(CJ S )®H*(B(Z/2Z)) = H*(M& nia) {r,d))®H*(B{Z/2Z)) 
and 

P(g,n,a)(r,d) = P t {M^ a) {r,d)) x P t (S(Z/2Z)) = P t (M^ a) (r,d)) x 

Note that , when rAd= 1 , the polynomial P t (M. ^ n a -, (r, d) ) has degree r 2 (g — 1 ) + 1 
and satisfies (mod 2) Poincare duality : 

f a (fl-i)+ipi = P t . 

We make the following observation. 

Lemma 6.4. Suppose that 

n,...,ri G Z >0 , ri H h n = r, rhd=l. 

If V = X ~ X , then 

yM(n,...,ri-4) ^_\y.-^ x M(r l ,...,rv4 ) 

n£(i-2/ ri+ri+i ) ~ ni^(i-^ i+ri+i ) 

It is straightforward to check the following identities. 
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Lemma 6.5. 

Q(2n,a)( r )(j) = -Q(2»,a)( r )(*)i Q(2n,a){ r ){\) = ~Q^n,a) ( r ) 0) • 

Suppose that r A d = 1. 



^(•^(^-1,0,1)^ 2d )) = (I" ^-1,0,1)^ 2d ) 



If n > 0, then 

^(A^M) = (l-t)P ( ™ ia) (r,d). 

We have 

dim R M™ 0il) (r,2d) = dim R .M ( ^ Q) (r,d) = r 2 (. g - 1) + 1, 
dimgM™, _ 1>0jl) (r,2d) = r 2 (2.g' - 2) + 1 
dim R >0)1) (r, 2d + r) = r 2 (2g' - 1) + 1 

Theorem 6.6. Suppose that r Ad = 1. TTien 

(6.40) Pt^^Md)) =* ra(fl - 1)+1 Pi(A4 ( ^ 0il) (r,2d)), 

(6.41) P t (^ (2 ^_ 1A1) (r,2d))=r 2 ^'- 2 Hip i (^ ( ^_ iAi) ( r ,2d)), 

(6.42) Pt(Mfo t0tl) (r, 2d + r)) = ^(V-D+ip, (At (2 ^ A1) (r, 2d + r)), 
If n > 0, then 

(6.43) ^(^(^,a)(^^))=* r2(9 " 1)+1 n(- M ( S T ! l n >a )^ d ))- 
In particular: 

• The Poincare series in (|6.43p are m /act polynomials (because r A d = I), 
and they satisfy Poincare duality. 

• When r is odd, the Poincare series in (|6.40p . (|6.4ip . and (|6.42p are poZy- 
nomials (because r A (2d) = 1), and they satisfy Poincare duality. 

Proof. We prove the n > case. The other cases are similar. By Theorem 16.11 
Lemma HT41 and Lemma T6. 51 

Therefore, 

f-r 2 (s-l)/2 _ t r 2 (g-l)/2 

so 



P{M { 2 n , a) {r,d)) = f^- 1)+1 P,{M { 2 n ^d)). 

□ 



Of) 
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6.4. Moduli spaces of vector bundles on maximal real algebraic curves. 

It is a consequence of Smith theory (see, for instance, the exposition in [Bo r60| or 
[Wil78]), that, if Y/M. is a smooth, projective variety of dimension n defined over 
the field of real numbers, one has 

n 2n 

^6i(F(R);Z/2Z) < £ &i(Y(C); Z/2Z) , 

i=0 i=0 

where 6j(*;Z/2Z) is the dimension of the Z/2Z-vector space £P(*;Z/2Z). The 
real algebraic variety Y is then called maximal if this inequality is an equality. 
For geometrically connected, smooth projective curves defined over the field of real 
numbers, this amounts to asking that 

6 (y(M)) + 61 (Y(R)) = 1 + 2g + 1 = 2(g + 1) , 

which happens exactly when Y(M) has (fif + 1) connected components (the maximal 
possible number, by Harnack's theorem, all of them being copies of iS* 1 ). In this 
Subsection, we show that A / (^ f 2 ^ +1 /IR is maximal if and only if the curve (M, o~) is 
maximal, for all k 6 Z. Note that the analogous result is known to hold for r = 1, 
for in that case M.^ a (M.) — PiCj^ CT (K.) is, when M a has n connected components, 
a union of 2 n_1 real tori of dimension g ((GH81J), so 

g g g 

X! & i( Pic M,<r( R )) = 2 " _1 x ^h{W/-L 9 ) = 2"- 1 x^(f) = 2 9+ "- 1 

i=Q i=Q i=0 

and 

£>(Pi Cj £ ff (C)) = ^(C'/Z 2 *) = Eff) = 2 2 *. 

z=0 i=0 i=0 

So equality holds if and only if n = g + 1. We note that, on a maximal real algebraic 
curve and for r A d = 1, there are no quaternionic bundles of rank r and degree d 
(as r has to be even when M a ^ 0, and must satisfy d + r(g — 1) = (mod 2), 
which implies that d is even when r is even, contradicting coprimality) . Moreover, 
M-m has exactly 2™ _1 connected components in this case f |Sch!2| ). and two 
stable real bundles of rank r and degree d lie in a same connected component of 
■M IV ^(R) if and only if they have the same Stiefel- Whitney classes (topological 
types of real bundles, see Theorem 12. ip . 

Theorem 6.7. Let k G Z. If the real algebraic curve curve (M,a) is maximal, 
then the real algebraic variety Ai^^ +1 is maximal. If (M, cr) is not maximal, then 
■Mfi?^ 1 is not maximal. 

Proof. By tensoring with a suitable power of a real line bundle of degree 1 over 
(M, a), one obtains an isomorphism of real algebraic varieties between M.^ a and 

A4 2 ^f^ +1 , so it suffices to prove the result for Mm\. We need to show that, when 
(M, a) is of topological type (g,g + 1,0), then 

Pt{M^] a (C))\ t=1 = P t (AOl*))|t=i • 

Our results show that, when Y is of topological type (g, g+ 1, 0), (M) has 2 s 

connected components with the same mod 2 Poincare series (since this series does 
not depend on the Stiefel- Whitney classes of real bundles indexing said connected 
components), so in fact we need to show that 

(1 - t 2 )P g {2, l)| t=1 = 2" x (1 - i)PJ* 9+li0) (2, l)| t=1 . 
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Let us use the closed formulae of Theorems 11.21 and 11.71 (see the Appendix for the 
explicit formulae in the rank 2 case). 

(l-i 2 )P g (2,l) = (1 ~ t") (1 }] 2 yf 9 _ t 4) [ft + * 3 ) 29 ~ ^ + *) 29 ] 

(1 + t)29 [(l+i 3 ) 2 -(t + t 2 ) 2 ] 



(l- t 2 )(1 _i4) 

xg((l + ^) 2 ) 9 ^ fc ((^ + ^ 

fc=0 

9-1 



= (1 + t)^ ^ ((1 + t 3 ) 2 ) 5 - 1 -^^ + i 2 ) 2 ) fc , 
fc=0 

and 

2«x(l-t)P ( ^ +1Q) (2,l) = 20(1 - t) [(1 + 1 2 ) 9 ~ m a ] 

= 2g (1 ^ g / [(i + 1 2 ) - 2t] 5^(1 + t 2 y- 1 - k {2t) k 

9-1 

= 2 9 {i+tf 9 - i ^2(i + ty- i - k {2t) k . 

So 

(1 - i 2 )P 5 (2, 1)1*=! = g2^ 2 = 2» x (1 - t)P ( ™ +1 , 0) (2, l)| t=1 . 

For A/ such that M CT has n < g + 1 connected components, has 2 I1_1 

connected components (it is empty if n = 0, because on a real curve with no real 
points, the degree of a real bundle must be even), and the Poincare polynomial of 
a given connected component is 

(l-*)^ n ,a)(2,l) 
(1 + f)s+"- 2 



(I-*) 2 

(1 + t)ff+™-2 

(I-*) 2 

(1 + t)3+ n ~ 2 

(1-0 
(1 + i)9+»- 2 



(1-t) 



[(1 + t 2 )"" 1 ^ + i 3 )^-^ 1 - 2"- 1 (l + t) g -' n+1 t 9 ] 

[(i + 1 2 )™- 1 ^ + t 3 ) g - n+1 - (2ty i -\t + t 2 y- n+1 ] 
[(i + 1 2 ) 11 - 1 - (2t) n ~ 1 ] (i + t 3 y- n+1 

n-2 

— [(i + t 3 y- n+1 - (t + t 2 ) g - n+1 ] (2t) n - 1 



n-2 



(1 + t) 9+ "- 2 (l + t 3 ) 9 -"^ 1 ^(1 + t 2 ) n - 2 - l {2t) 1 

i=0 

g-n 

+ (1 + t)9+"- 1 (2i)"- 1 ^(1 + t 3 )f-"- 4 (t + t 2 ) 4 



i=0 

since 1 — t — < 2 + t 3 = (1 — i) 2 (l + t). Evaluating at t = 1 and multiplying by 
the number of connected components, we see that the total mod 2 Betti number of 



MtfJR) is 



2 2g+n - 3 (2g - n + 1) = (2 5 - n + l)2 2g 



+2n-4 
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The function x \ — > (2g - x + i)2 2 9+ 2a; - 4 , where g > 2, is strictly increasing on 
[0; 5+1] and the value at g + 1 is g 2 4ff_2 , so 

ft(^W)l*=i = (2<? - n+ 1)2 < 5 2 4 *- 2 = Pt{M^JC))\ t=1 



when n < g + 1, and .M ^j 1 ^ is therefore not maximal in that case. □ 

Theorem 16.71 very likely holds in arbitrary rank r, for any choice of d coprhne 
to r. Using computer programming to evaluate the formulae in Theorem 11.21 and 
Theorem 11.71 at t = 1 by Taylor expansion, Erwan Brugalle has been able to verify 
that the real algebraic varieties M r ^ l k ( ^ rd were indeed maximal whenever (M, a) is 
maximal, r < 6, d is coprime to r, and fcgZ. 

Appendix A. Computations in Low Rank 

Recall that for any real number x, (x) is the unique t £ (0, 1] with x + t £ Z. 
Given a positive integer r and an integer d, there exists unique m £ Z and k 6 
{0, 1, . . . , r — 1} such that 

d = rar + k. 

Then 

, d , /c . d , ~ & 

- =1-- — } = <*<),* + -. 
r r r r 

A.l. Complex case. We use Zagier's formula fTheorem ll.2[) to compute P g (r,d) 
for 1 < r < 4. 



P g (l,d) 
P g (2,d) 
P g (3,d) 



P g (4,d) 



(1 + tf 9 
1-t 2 

(l + t) 2g (l + t 3 ) 29 _ (l + t) 4g t 2g - 2+4 <?> 
(1 - t 2 ) 2 (l - t 4 ) (l-i 2 ) 2 (l-t 4 ) 

(l + t) 2g (l + t 3 ) 2g (l + t 5 ) 2g 
(1 -t 2 ) 2 (l -t 4 ) 2 (l -t 6 ) 

(1 + t) 4g (l + t 3 ) 2g t 4g ~ 4 (t 6 ^> + t 6 <~?>) 

(l-t 2 )3(l-t4)( 1 _i6) 

+ (l-i 2 ) 3 (l-t 4 ) 2 

(1 + t) 2g (l + t 3 ) 2g (l + t 5 ) 2g (l + t 7 f 3 
(l-t 2 ) 2 (l-i 4 ) 2 (l-t 6 ) 2 (l-t 8 ) 

(1 + t) 4g (l + t 3 ) 2g (l + £ 5 ) 2g t 6g ~ + 1 8 <~ j 

(l-t 2 ) 3 (l-t4)2( 1 _ t 6)( 1 _ t 8) 

(l+t) 4g (l+t 3 ) 4g t 8g - 8+8 ^> 

(1 - t 2 ) 4 (l - t 4 ) 2 (l - t 8 ) 
(1 + t) 6g (l + t 3 ) 2 gt 10 g -10+6<^) (t 4< j> + t 4<- j)) 
+ (l-t 2 ) 4 (l-i 4 ) 2 (l-f6) 

(1 _|_ t) 6 9(l + t 3-j2 9 £l0 9 -10+6(f >+6{-f > 
+ (1 - t 2 ) 4 (l - t 4 )(l ^ t 6 ) 2 

(1 + t fa t 12g-12+4(!i >+4<f )+4<-f ) 
(1 -i 2 ) 4 (l -i 4 ) 3 



A. 2. Real case. We use the closed formula ( Theorem 1 1.7[) to compute -P(^ )(r, d) 
for 1 < r < 4. 
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P ( 9 Ai)(3,2d) = 



(i + t) 9+1 _ (i + ty _ 
(i + t) 9+1 (i + t 3 ) 9+1 _ (i + t)gg+y-i+4<4> 

(1 -t 2 ) 2 (l -t 4 ) (1 - t 2 ) 2 (l - t 4 ) 



(l+t) 9+1 (l+t 3 ) 9+1 (l+t 5 ) g+1 
(l-i 2 ) 2 (l-t 4 ) 2 (l-i6) 

(1 + t) 2g+2 (l + t 3 )g+ 1 t 29 ~ 2 (t 6 <^> + t 6 <-?>) 

(l-i 2 ) 3 (l-t 4 )(l-t 6 ) 
(1 + £)3g+3 t 3s-3+4<f }+4<-f } 
+ (1 -i 2 ) 3 (l -i 4 ) 2 



pn. (l+t) 9 + 1 (l + t 3 ) 9 + 1 (l + f 5 ) 9+1 (l + ^+ 1 

(g,0,l)*> > ^ (1 -t 2 ) 2 (l -t 4 ) 2 (l -*6) 2 (1 -f8) 

(1 + t) 29+2 (l + t 3 ) 9+1 (l + t S )g+ 1 t 39 - 3 (t 8 <T> + t 8 <- 



+ 



+ 



(l-£ 2 )3(l-i 4 )2(l-t6)(1_ t 8) 
(1 + t) 2g+2 (l + t 3 ) 2 g +2 t 4 9 -4+8{#> 

(l-t 2 ) 4 (l-t 4 ) 2 (l-t 8 ) 
(1 + *) 39+3 (l + t 3)9+l f S g -5+6<f) (t 4<4> + t 4(-i) ) 



(1 -t 2 ) 4 (l -t 4 ) 2 (l -t«) 
(1+t) 3 g +3 (1+t 3 )g +l t 5 9 -5+12<^> 

(1 -t 2 ) 4 (l -t 4 )(l -t 6 ) 2 
(1 + t) 4 S+ 4 ^9-6+4(f >+4{f >+4<-f > 

(1 -i 2 ) 4 (l -t 4 ) 3 



A.2.2. Then>0 case. 



P (J1«)(M) 



(1+3 



9+1 



t 2 



1 - t 



^Jl*)^) = 



(1 + t) 9 + " + 1 (l + t 2 )"(l + t 3 ) g - n+1 _ ! (1 + t) 2 9+ 2 t 9-l + 2<f 



(l-t 2 ) 2 (l-t 4 ) 



(1 - £ 2 ) 3 



pT , , » = (1 + t)° +n +\l + t 2 ) 2 "(l + t 3 y +1 (1 + t 5 ) 9 -^ 1 
^g,n, a )\ i3 ' a ) (1 _f2)2(! _ t 4)2(! _ i6 ) 

„-! (1 + t) 2 « + "+ 2 (l + t 2 )"(l + t 3 )9 -n + l t 2 9 -2 (t 3( j) + ^3(-j)) 
(l-t 2 ) 3 (l-* 3 )(l-t 4 ) 
( 1+f) 3 9+ 3 f 3 9 -3 + 2(j> + 2<-j> 

+2 (l-* 2 )5 
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(i + t) 9+n+1 (i + t 2 ) 2n (i + f 3 ) 9+ " +1 (i + t 4 ) n (i + t 5 ) g -" +1 (i + t 7 y- n+1 

(l-t 2 ) 2 (l-t 4 ) 2 (l-t6) 2 (l-t8) 
_! (1 + t ) 2s+n+2 {l + t 2 ) 2n {l + t 3 ) 3+1 {l + t 5) 9 -n+l t 3 9 -3 (t 4<f ) + ^(-^ 



-2 r 



(l-t 2 ) 3 (l-t 4 ) 3 (l-t 6 ) 

l (1 + i) 2 9 + 2n + 2 (l -|- t 2 ) 2n (l + t 3 ^ 2 a-2n + 2 t 4g~4+4(A) 



(1 -t 2 ) 4 (l -i 4 ) 3 

,'i , j.\3o + n + 3/-- 
-,2n-2 I 



(i-t 2 ) 5 (i-t 3 )(i-t 4 ) 

+2' 



2n _ 2 (1 + f)3 9 +n+3 (1 + t 2)„ (1 + t 3 )S -n + l t 5 9 -5+3<f )+3<-f ) 



(l-t 2 ) 4 (l-t3) 2 (l-t 4 ) 

,'i i -A4<j+4j.6o 
,371-3 I 



(1 + t) 43+4 t 69 ~ 6+2( i )+2( i >+ 2 <~3> 



(1 -* 2 ) 7 



In particular, 

p. K f91l (l + ^+ 2 (l + ^ +1 og (l + t) 2 ^ 

/ Wn,o)^>^ - (l-t 2 ) 2 (l-t*) (l-i 2 )3 

= {{i+ty-^ty). 

Let A / (^ H g+1 q n(2, 1) denote the moduli space of semi-stable real holomorphic vector 
bundle of rank 2, degree 1, with fixed determinant, on a maximal real algebraic curve 
of genus g. Then 



p *(^(^ + i,o ) ( 2 ' 1 ); z / 2Z ) = ^ T |F p ,:,-- 1 n ) <- > ')- 



(9,3+1,0) 

So 



(A.44) P t (A4 ( ™ +10) (2,1);Z/2Z) = (1 + _^ ' ((1 + 1 2 ) 9 - (20 s ). 

The above formula (|A.44I) was conjectured by Saveliev and Wang in |SW11| where 
they proved the case g = 2: 

Pt(M { l% 0) (2,l);Z/2Z) = (l + tf. 

It implies, in particular, that the moduli space ,M 9 (2,1) of semi-stable holomor- 
phic vector bundles of rank 2 and degree 1 with fixed determinant on a maximal 
real algebraic curve is a maximal real algebraic variety (recall from [BHH10J that 

M (2g+uo)( 2 ^) is connected): 

P t (jW 9 (2,l);Z/2Z)| i=1 
1 - t 2 

' r^(2,l)|t =1 
i 



(l+t) 2 9~^ 



= g2 2 °- 2 
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is equal to 



p *(^(^+i,o ) ( 2 ' 1 ); z / 2Z )l*= 

:- P (g,g+l,0)(2,l)|t=l 



(l-2< + i 2 )^(l + < 2 ) fe (2t)^ 1_ 



+ " ' 



(1 -t) 2 



1 = 1 



A. 3. Quaternionic case. Finally, we have the following formulae in the quater- 
nionic case. 

A. 3.1. The n — case. If g = 2g' — 1 is odd, then degree d must be even. By 
Corollarv l6.3l (a), 

-f(2s'-l,0,l)( r ' 2 ^') = - P (29'-l,0,l)( r ' 2 ^')- 

If g = 2g' is even, then the degree d is of the form d = 2d' + r, where d' is an 
integer. By Corollarv l6.3l (b). 

p W M (rM + r) = P^ flil) (rM)- 
So Section IA.2I contains explicit formulae for 

{P£ 0i1 )(r, d)\d+(g-l)=0 (mod 2), 1 < r < 4}. 

A. 3. 2. The n > case. In this case, the rank and the degree must be both even. 
p m = (l + t) 9 (l + t 3 ) fl+1 

^(g.n.a)^^ ( 1 _ t 2)(- 1 _ t 4) 

pm U2 ~ (l+t) 9 (l+t 3 ) 9+1 (l+t 5 ) 9 (l+t 7 ) 9+1 
(9,n,a)^ ' ' (l_ t 2)( 1 _ f 4)2( 1 _ t 6)( 1 _ f 8) 

(1 + f) 2g (l + t 3 )2g +2 t 4 9 -4 + 8< j) 
(1 - t 2 ) 2 (l - t 4 ) 2 (l - t 8 ) 
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